SOME PROBLEMS: chapters 5,6

Reminder: We define H semantics operations
U and N as follows

aUb=maz{a,b}, anNb=min{a,b}.

The Truth Tables for Implication and Nega-
tion are:

H-Implication

= F L1 T
F| T T T
1l F T T
T|/F L1 T
H Negation
- F 1 T
T F F




QUESTION 1 We know that
v:VAR — {F, 1, T}
IS such that

v*((and) = (a=c)) =L

under H semantics. evaluate v*(((b =
a) = (a= —-c))U(a=0D>)).



Solution : v*((aNbd) = (a = ¢)) =L under H
semantics if and only if (we use shorthand
notation) (anb) =T and (a = ¢) =1L if
and only ifa=T,b=T and (T = ¢) =L if
and only i f ¢ =1. I.e. we have that

v’ ((anb) = (a=¢c)) =L iff a=T,b=T,c=1.

Now we can we evaluate v*(((b = a) =
(a = —¢)) U (a = b)) as follows (in short-
hand notation).

vV*(((b=a)=(a= —c)U(a=0b)) =
((T=T)=T=-1)u(T=T) =
(IT'=T=F)uT)=T.



We define a 4 valued t 4 logic semantics as
follows. The language is £ = /L{ﬁéju,m}.

We define the logical connectives =, =, U, N
of .4 as the following operations in the set
{F, 11,15, T}, where {F < 11 < 1lo<T}.

Negation —: {F,J_]_,J_Q,T} — {F,J_l,J_Q,T},
such that

-l =14, "dlo=1op, F=T, T =F.

Conjunction N:{F, 11,1, T}x{F, 11,105, T} —
{F, 11,15,,T}

such that for any a,b € {F, 11, 15, T},

aNb=min{a,b}.



Disjunction U :{F, 11, 1o, T}x{F, 11,15, T} —
{F, Ly, 10, T}

such that for any a,b € {F, 11, 15, T},

aUb=mazx{a,b}.

Implication =:{F, 11, 1>, T}x{F, 11,15, T} —
{F,L1,12,T},

such that for any a,be {F, L1, 15, T},

Ly | maub ifa>b
a )T otherwise



QUESTION 2

Part 1 Write all TTables for 4

Solution :

., Negation

—l‘F J—l J_Q T
‘T 11 1o F

., Conjunction

Nn | F 17 1o T
F | F F F F
14 /F 17 11 14
1o | F 17 1o 1o
T |F 191 1o T




1, Disjunction

U F

F|F
19|11
1o | 1o
T T

=

|_

N
-

t s-Implication

F 11 1o

T 1T T
1l T T
1o 1o T
F 17 1o

-



Part 2 Verify whether

=t ,((a=b) = (maUD))

Solution : Let v be a truth assignment such
that v(a) = v(b) = L4.

We evaluate v*((a = b) = (maUDb)) =
(L1 = 11)=CLiuly) =0T = (11U
1) =T = 11) = 11.



This proves that v is a counter-model for our
formula and

N

tJf_4((a = b) = (maUDb)).

Observe that a v such that v(a) = v(b) =
15 is also a counter model, as v*((a = b) =
(raUb)) = (Lo = 1) = (LU lp)) =
(T = (J_Q U J_Q)) = (T = J_Q) = 1o.



QUESTION 3 Prove using proper logical equiv-
alences (list them at each step) that

1. (Ao B) = ((AN-B)U (AN B)),

Solution: -(4 < B)=%/-((A = B)n (B =
A))=deMorgan((A = B) U (B = A))
=negmpl((AN-B) U (BN-A))=Commut((An
-B)U(-ANB)).

2. (BN-C)=(-"AuUuB)=({(B=C)U(A=
B)).
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Solution: ((BN-C) = (-AU B))="Pl(-(B N
—|C)U(—IAUB))EdeMOTgan((—IBU—l—lC)U(—IAU
B))
=dneg((~BUC)U (=AU B))="Pl((B = C)U
(A= B)).
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QUESTION 4 We definean EQUIVALENCE
of LANGUAGES as follows:

Given two languages:

L1 = ﬁC’ONl and Lo = ‘E’CONQ' for CON1 #
CON>.

We say that they are logically equivalent,
i.e.

ﬁlEEQ

if and only if the following conditions C1,
C2 hold.

Cl: For every formula A of L4, there is
a formula B of L5, such that

A = B,

C2: For every formula C of Lo, there is
a formula D of L4, such that

C = D.
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Prove that ﬁ{_l’ﬂ} = ﬁ{_l,:>}.

Solution: The equivalence of languages holds
due to two definability of connectives equiv-
alences:

(ANB) = ~(A = —B), (A= B)=—-(AN-B).
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