CSE541 EXERCISE 3 SOLUTIONS

Reminder: We define H semantics operations U and N as follows
aUb=maz{a,b}, anb=min{a,b}.

The Truth Tables for Implication and Negation are:
H-Implication

=|F L1 T
F|T T T
1L |JF T T
T|F L T

H Negation
-|F 1 T
T F F

QUESTION 1 We know that
v: VAR — {F, L, T}

is such that
v*((anbd)=(a=¢)) =L

under H semantics. evaluate v*(((b= a) = (a = —¢)) U (a = b)).

Solution : v*((aNb) = (a = ¢)) =L under H semantics if and only if (we use shorthand notation) (aNbd) =T
and (e = ¢) =Ll ifandonlyif a =T,b=T and (T = ¢) =L if and only i f ¢ =1. L.e. we have that

v*((anb)=(a=c)=L iff a=T, b=T,c=1.
Now we can we evaluate v*(((b=a) = (a = —¢)) U (a = b)) as follows (in shorthand notation).
v*((b=a)= (a= —¢))U(a=0b)) =
(T=T)=T=-L)HUuT=1T))=
(T=T=F)UT)=T.

We define a 4 valued L, logic semantics as follows. The language is

[.: = [.:{_\’ﬁ’qu} .



We define the logical connectives =, =, U, N of L4 as the following operations in the set {F, Ly, 15, T},
where {F < 17 < 1o <T}.

Negation —

- {FvJ—hJ—QaT}_){FvJ—hJ—ZvT}v
such that
Ly =1y, ~ly=1ly, —~F=T, —-T=F.

Conjunction N

N: {F, Ly, Lo, Ty x {F, 1,15, T} — {F, L1, 1,,,T}

such that for any a,b € {F, 11, 15, T},
anNb=min{a,b}.

Disjunction U
U: {FleaLQaT}X{F7J~17L27T}—>{F5J~17J~2aT}
such that for any a,b € {F, L1, 1o, T},
aUb = max{a,b}.

Implication =
= {F7L11L27T}X{FaJ—I>J-27T}_>{F7J-17J-27T}7
such that for any a,b € {F, 11, 15, T},

p=] Tay b ifa>b
a Tl T otherwise

QUESTION 2
Part 1 Write all TTables for L4

Solution :
L4 Negation L4 Disjunction
~|F 1L, 1, T U|F 1, 1, T
T 1L, 1, F F|F 1, 1, T
J_l J_l J_l J_Q T
1o | 1o 1o 1o T
L, Conjunction T T T T T
g E LFl é? ;[: L4-Implication
4 |F 1y L4 14
1o | F 14 1s 1o = F 14 1, T
T|F 1, 1, T F T T T T
4Ly T T T
lo| 1l 1o T T
T F 1, 1, T



Part 2 Verify whether
Fr,((a=10) = (maUb))

Solution : Let v be a truth assignment such that v(a) = v(b) = L;.
We evaluate v*((a = b) = (—aUb)) = (L1 = L) = (-LUuL)=T=(L1Uly)=(T= 1;)=1;4.

This proves that v is a counter-model for our formula and
Fr,((a=b) = (maUb)).

Observe that a v such that v(a) = v(b) = L is also a counter model, as v*((a = b) = (-aUb)) = ((Ls =
J_Q) = (_‘J_Q U J_Q)) = (T = (J_Q U J_Q)) = (T = J_Q) = 1.

QUESTION 3  Prove using proper logical equivalences (list them at each step) that

1. -(A< B)=((An-B)U(-ANB)),

Solution: —(A & B)=%/~((A = B)N (B = A))=deMoran(~(A = B)U~(B = A))
=re9mpl(AN-B)U (BN -A))=°"m((AN-B)U(-ANB)).

2. (BN=C)=(-AUB))=((B=C)U (A= DB)).

Solution: ((BN-C) = (-AU B))="?/(=(BN-C)U (=AU B))=dMergan((-B U --C) U (AU B))
=dned((~BUC)U (mAU B))="?((B = C)U (A = B)).

QUESTION 4  We define an EQUIVALENCE of LANGUAGES as follows:

Given two languages:
El = £CON1 and [:2 = ECONZ; for CON1 75 CONQ.
We say that they are logically equivalent, i.e.
El = LQ
if and only if the following conditions C1, C2 hold.
C1: For every formula A of Ly, there is a formula B of Lo, such that
A= B,
C2: For every formula C of Ls, there is a formula D of £1, such that

C=D.

Prove that /.Z{ﬁm} = L{ﬂp}.

Solution: The equivalence of languages holds due to two definability of connectives equivalences:

(ANB)=—~(A= -B), (A= B)=-(AN-B).



