CSE 547
Chapter 1, problem 20

Solution 2



Chapter 1 problem 20

Solve the general five-parameter recurrence

* h(1)=q;
* h(2n+j) = 4h(n) + y,n + f5,, for j=0,1 and n21
for neN



According to the book, we should ideally
solve h(n) for 5 parameters, and find the
general equation

h(n) = a(n)a+b(n)By+c(n)B,+d(n)ys+te(n)y;.

Instead, we're going to take a different
approach, using binary numbers.



-irst 5 solutions:

N(1) =a

N(2) = h(2*1+0)

N(3) = h(2*1+1)

n(4) = h(2*2+0) = 4h(2)+ny,+
4(4a+ytfy)+2ye B, =
160+4y,+46,+2y,*+B, = 16a+6y,+50,

h(5) = h(2"2+1) = 4h(2)+ny+p, =
4(4aty,tPy) + 2y, +4 = 16a+4y,+43,+
2Y,1+B,

There is no obvious pattern from these steps

= 4h
4




We can use binary numbers to find the solution.

We can write out the number k in binary
expansion:

k=(1Bpm.1 Byz---by bg)2
We know that each term b, is O or 1, with the
leading digit, a, always 1.

N(1) =a
N(2n+)) = 4h(n) + y;n + f; for j=0,1
(1 Broibiyp---b1bg); = 4h(1 by 4B p...D1)5 + Yoo(1

bm-1bm-2' : 'b1)2 T BbO



= 4[4h(1 b4 bz)z"'me(1 O N YV
Boq ]+ Yb1(’I bm 1bm 9...D5)y + PBpqg t Ybo(1 D 1B
2+ b1)2 Bbo

As we can see, by expanding the formula, we
reduce the number of digits inside each binary
term

bAs we expand the formula completely, the
equation becomes

b bb) =4ma + 4™1(1),yp 4 + 4M2(1
10m-2 2Ybm-1
b n&zYt;nmi 02 ..Dq)oypg +4™ 1[3an g HA™

bm-2 1Bb1+ O bO

Where m+1 is the number of digits in the binary
number k= (1b, b, 5...bby), = (b,...D,),-



h(1 b, 4b,,5...0.bg), = 4Ma + 471(1), b, 4 + 47M2(1
Om-2)2Vome2 -+ 4%(1...04)2¥0g + 4™ Bpy g +4™
1Bbm_z "'+41Bb1+4OBb0

We can combine all the y terms as a summation,
which becomes

Z4m I( m |+1)2me i
summatlon for i:1<i<m.

Similarly we can do the same thing to all the 3
terms, which turns into

Z4m-i Bbm-l’
summation for i:1<ism

m+1 is the number of digits of the binary number
k=(1b,_1by5...04bg)s = (b,,...D,)5



The closed formula becomes

h(b ..b ) 4Ma + Z4m I( 'bm-i+1)2vbm-i +
Z4m | Bbm I

wbbhere summation is for i: 1<ism, m+1 is
the number of digits in the binary number

k= (1 b, b, ...0,b5); = (br...by), h(D,....D,),



Lets try k=5, whic
h(5) = 16a+4y,+4

N we solved already

Bot+ 2Y41B;

In binary form: h(5) = (101)
h(5) = 4m0‘+z4m'i(1 "'bm-i+1)2vbm-i + Z4m-i Bbm-l

h(5) = 160 +4y, +

N(5) = 4%a+47(1)yo, + 4°(10)ypy + 4"Boy +4°Big
N(9) = 16a +4yp, + 1(2)Ybg + 4PBby +Pbg

2y, + 4B, +P;



(1) = 4% + Oyp,,,. + OBp, = O

N(2) = 4"a + 4%(1)ybg + Bog = 40 + Yo + By
N(3) = 4'a + 4°%(1)ypg + 4°Buy = 40 + v, + B
N(4) = 420 + 47(1)Yo,+4°(10)Yb+4 " Bos+4°Boy

=16a + 4(1)y, + (2)y, + 4B, +B,
= 16a + 6y, + 9,

Which are the same values we got
recursively.
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