CSE547

Chapter 3, Problem 35



Chapter 3: Problem 35

Simplify the formula

(n+17nte jmodn nis an integer, where n >=0



First we can just look at the term inside the falling power

(n+1)nle
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(n+D)°nle=A +(n+1)*+(n+1)+B, (1)



(n+D’nle=A +(n+1)°+(n+1)+B, (1)
Now if weconsider A, asan integer,we haveto proveit.

& (n+)°n!
A“é (k=1)!

We will proveby induction:
(n+1)°n  (n+1)*n!
- o
Induction: Letsassumeit holdsfork=n-1 .. A ,€Z
(n+2)°n!
(n-1)!

Basis:k=1 A =

=(n+)°nleZ (-neZ)

Fork=n, A =A_+

=A  +(n+1)°n

=integer+(n+1)°n  (byinductionhypothesi9
=integer+integer - neZ
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(n+1)°n! (n+1)*(n-1)!
AndA, =3 T =T D) TETI

n 200 _ 1\
The second portion X, = > (n+1)"(n-1)!
o (k=1)!

Is an integer and we can prove it by a similar induction

in the last page.
(n+1)*(n— D! _(n +1)*(n-1)!
(1-1)! Ol
Taking X, , € Z as the induction hypothesis. We can show
. (n+1)*(n-1)! _

Thebasis: k=1, X, =

—(n+1)%(n-D' eZ (+neZ)

Fork=n, X =X, X, +(n+1)°

(n-1)!
=integer + (N +1)*>  (by induction hypothesis)
= integer + integer whel
X, el

So we can write A, as follows
A =nk (keZ)



(n+)°nle=A +(n+1)°+(n+1)+B, (1)
Sowegetl)V.A eZ and 2)V A =nk ,keZ
Now we will focus on B,

(n+1)°n!
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Nowweknowthat-.°£< Wherek >0 .. 1 < 1
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Now from Egn (2)
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B, (n+2)Z —)

= n+3
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The expression inside bracket is an infinite geometric progression
We know the formula

Zar‘1 —L
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Here a, =landr :—13
n+

a1 1 n+3
Sog(m) 1_ 1  n+3-1 n+2
n+3 n+3
Now pluggingitinto Eqn (3)
(n+1)(n+3) (n+1)(n+3)
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We also know the fact: B, = > (n+1)°n!
k>2 (n + k)'

SoV. 0<B, <1

>0 as n>=0




Now we have informatio n that
1)V A eZ

)V A =nk keZ

)V, 0<B, <1

Now (n+1)°nle=A +(n+1)*+(n+1)+B, (1)
We can take the floor of the both sides of Eqn (1)
\_(n +1)2n!eJ= \_An +(N+1)%+(n+1)+ BnJ

We know the formula | x+n |=|x|+n,  integer n
\_(n +1)2n!eJ: A +(N+1)°+(n+1)+|B, |

AsV 0<B, <1
So | B, |=0; as|x |=The greatest integer less than or equal to X;

\_(n +1)2n!eJ: A +(n+1)%+(n+1)



Taking mod n on both sides

\_(n +1)2n!eJmod n=(A +(n+1)*+(n+1)modn
=(nk+(n+D)°+(n+1))modn -V A =nk ,keZ
= (nk +n®+3n+2)modn
=(n(k+n+3)+2)modn
=2modn

So the simplified form of \_(n +1) n!eJmod nis 2modn
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