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A Recurrence for Recursive Divide & Conquer

 RECURSIVE-DIVIDE-AND-CONQUER ( P, 70 ) oo
"""""" INPUT: Aproblem P of sizen =1
OuTPUT: Solution S of P computed using recursive divide and conquer
1. if n=1 then
"""""" 2. 5 < solution of P computed directly w/o divide & conquer -----J----------
"""""" . else
4, DivIDE
5. divide P into a subproblems P, P,, ..., P, Of size * each -------§----------
6. CONQUER:
"""""" 7. fori—iltoddolE S
8. S; < RECURSIVE-DIVIDE-AND-CONQUER ( B % ) _______________________
"""""" 9.  ComeNE:
"""""" 10. S < solution of P obtained by combining S, 5, ..., Sq ~~------ | -
"""""" 1. endif
12. return S
0(1), ifn<1,
1) = aT (%) + f(n), otherwise.




A Recurrence for Recursive Divide & Conquer

The recurrence:

(0(1), if n <1,

— n
T(n) =+ aT (E) + f(n), otherwise;
\

where,a = 1and b > 1.

Arises frequently in the analyses of divide-and-conquer algorithms.

Consider the following recurrences.
Karatsuba’s Integer Multiplication Algorithm: T(n) = 3T (g) + O(n)
Strassen’s Matrix Multiplication Algorithm: T(n) = 7T (2) + @(nz)

Fast Fourier Transform: T(n) = 2T (g) + O(n)



How the Recurrence Unfolds

(1), ifn<1,
T(n) = aT (g) + f(n),  otherwise.
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How the Recurrence Unfolds
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How the Recurrence Unfolds
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How the Recurrence Unfolds
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How the Recurrence Unfolds

(1), ifn<1,
T(n) = aT (g) + f(n),  otherwise.




How the Recurrence Unfolds

0(1), ifn<l,
T(n) = n _
(n) aT (3) + f(n), otherwise.
A F(N) oo > f(n)
a
f(n/b) f(n/b) s f(Tl/b) ____________________ > af(n/b)
a a a

logp n

f(n/b?) f(nyb?) -~ f(nyb?)  f(/b?) f(n/b*) = f(n/b*)  f(n/b?) f(n/b?) - f(n/b?)------> a*f(n/b?)

a a a a a a a a a

<

, o() 8(1) 8() 8(1) B(1) 8(1) B(1) B(1) B(1) B(1) 6(1) B(1) O(1) (1) B(1) B(1)-—> O(nlE )

Y
alogb n _ nlogb a
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How the Recurrence Unfolds: Case 1

e(1), ifn<1,
T(n) = aT (g) + f(n),  otherwise.

> af(n/b)

_____ > @(nlogb a)
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How the Recurrence Unfolds: Case 2

e(1), ifn<1,
T(n) = aT (%) + f(n),  otherwise.

--------- > af(n/b)

------- > a’f(n/b?)

_____ > @(nlogb a)
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How the Recurrence Unfolds: Case 3

O(1), ifn<l,

T(n) = aT (%) + f(n),  otherwise.




The Master Theorem
(1), ifn<l,

n
aT (E) + f(n), otherwise (a = 1,b > 1).
\

T(n) =+

log,a-€

Casel: f(n) = O(n ) for some constant € > 0

T(n) = ©(n %)

Case 2: f(n) = @(nlogba)

T(n) = @(nlogb % log n)

Case 3: f(n) = Q™" ) and af (£) < cf (n)
for constants e > 0and c < 1.

T(n) = 6(f(n))




The Master Theorem
(1), ifn<l,

n
aT (E) + f(n), otherwise (a = 1,b > 1).
\

T(n) =+

log,a-€

Casel: f(n) = O(n ) for some constant € > 0

T(n) = ©(n %)

T(n) = ©(n'°8» ¢ logh*1ln)

Case 3: f(n) = Q™" ) and af (£) < cf (n)
for constants e > 0and c < 1.

T(n) = 6(f(n))




Example Applications of Master Theorem
Example 1: T(n) = 3T (2) + O(n)

Master Theorem Case 1: T(n) = @(nlogz 3)

Example2: T(n) = 7T (2) + ®(n?)

Master Theorem Case 1: T'(n) = @(nlogz 7)

Example 3: T(n) = 2T (2) + O(n)
Master Theorem Case 2: T(n) = ©(nlogn)

Assuming that we have an infinite number of processors, and all
recursive calls in example 2 above can be executed in parallel:

Example4: T(n) =T (g) + 0(n?)
Master Theorem Case 3: T(n) = @(nz)



Recurrences not Solvable using the Master Theorem
Example1: T(n) =nT (g) +n

a = +/n is not a constant

Example 2: T(n) = ZT( - ) + n?

logn

b = logn is not a constant
1 n 2
Example 3: T(n) = ET (E) +n
1.
a = is not > 1

Example 4: T(n) = 2T (%n) +n

3.
b=Z|snot> 1.



Recurrences not Solvable using the Master Theorem
Example 5: T(n) = 3T (2) —n

f(n) = —n is not positive

Example6: T(n) = 2T (g) + n?sinn
violates regularity condition of case 3

n

Example 7: T(n) = 2T (zﬁ) +

logn

f(n) = O(nlogb “), but # O(nlogb “‘E) for any constant € > 0

Example8:T(n) =T (2) + 2T (%) +n

a and b are not fixed



Proof of
The Master Theorem



Proof of the Master Theorem for Exact Powers of b

LEMMA 1: Let a = 1 and b > 1 be constants, and let f(n) be a
nonnegative function defined on exact powers of b. Define T (n)
on exact powers of b by the recurrence

(0(1), ifn=1,
n e
kaT(E)+f(n), if n=>bt,

T(n) =+

where i is a positive integer.
Then

logpn—1

T(n) = @(nlogba) + z alf (%)

j=0



Proof of the Master Theorem for Exact Powers of b

A ) T > f(n)
a
f(n/b) f(n/b) f/b) ------emmmmemenee > af(n/b)
a a a
log, n
fr/b?) f(n/b?) = f(nyp?)  F(/b%) f(n/b?) = f(/b%)  f(n/b?) f(n/b?) - f(n/b?)-~--> a’f(n/b?)
a a a a a a a a a

<&

4 (_)('1) @(Il) G(Il) 9('1) @('1) G)(Il) @(Il) @(Il) @(Il) @(I]_) @(Il) G)(Il) @(Il) @)(I]_) @(-1) @(.1) _______ > @(nlogba)

!

alogb n _ nlogb a

Total: @(n'°8» @) + 328" g f(n/b7)

24



Proof of the Master Theorem for Exact Powers of b

LEMMA 2: Let a = 1 and b > 1 be constants, and let f(n) be a
nonnegative function defined on exact powers of b. A function
g(n) defined over exact powers of b by

logpn—1
. /N
— JfF—
9(n) Z @’f (bf)
j=0
has the following asymptotic bounds for exact powers of b:

1. If f(n) = O(nlogb a_e) for some constant € > 0, then
gn) = O(nlogb “).

2. If f(n) = @(nlogb “), then
g(n) = 0(n'°8r¢1ogn).

3. Ifaf(n/b) < cf(n) for some constant ¢ < 1 and all sufficiently
large n, then

gm) =0(f(n)).



Proof of the Master Theorem for Exact Powers of b

PROOF OF LEMMA 2:

Case 1: We have:
f(n) = O(nlogb a—e) N f(n/bf) —0 ((n/bj)logb a—e).

_ ) logy a—¢€
Substituting: g(n) = 0 (Z;O:g(fn Lo (ﬁ) ’ >

bJ

, logy, a—e € \J
logpn—1 n logpn—1 ab
Now, Z gb a’ (b]) — nlogp a-€ Z gb (blogb a)

— nlogp a—e Zlogbn 1(b€)j

elogb11_
— nlogb a—e (b 1)

b€—-1

— nlogp a—e ("6_1)
b€—-1
— nlogb a—eO(nE) — O(nlogb a)
Hence, g(n) = O(nlogb “).



Proof of the Master Theorem for Exact Powers of b

PROOF OF LEMMA 2:

Case 2: We have:
Fn) = 0(n' ) = £(n/b7) = 0 ((n/b)) " *).

) logy a
Substituting: g(n) = © (Ziogé’n Yad (b]) ’ )

1 .
blogb a

logbn 1 j(
Now, Z a’ |5
— nlogpa Zlogbn 1 1

— nlogp a log, n

Hence, g(n) = 0(n!°8» ¢ log, n) = 0(n!°8> 2logn).



Proof of the Master Theorem for Exact Powers of b

PROOF OF LEMMA 2:

Case 3: Since f(n) appears in the definition of g(n) and all terms
of g(n) are nonnegative, we conclude that for exact powers of b:

gm) = Q(f(n)).

Given that for some constant ¢ < 1 and all sufficiently large n:
af () < ef )
=7(3) <)@

=7 (3)= () ro
= a/f () < If (),

where we assume that the values we iterate on are sufficiently large.

Since the last, and smallest such value is it is enough to assume

bJ=1




Proof of the Master Theorem for Exact Powers of b

PROOF OF LEMMA 2:

Case 3 (continued): Substituting into the expression for g(n), and
adding an 0(1) term to capture the terms that are not covered by

our assumption that n is sufficiently large, we get:
logpn—1

w="3"wr(2)

j=0
<38 eI f(n) + 0(1)

< f(n) z] ¢l +0(1)
= f) () + o)
= 0(f ()

Hence, for exact powers of b: g(n) = @(f(n)).




Proof of the Master Theorem for Exact Powers of b

LEMMA 3: Let a = 1 and b > 1 be constants, and let f(n) be a
nonnegative function defined on exact powers of b. Define T (n)
on exact powers of b by the recurrence

(O(1), ifn=1,
n e
KaT(E)+f(n), if n=>hbt,

where i > 0 is an integer.

Then T (n) has the asymptotic bounds below for exact powers of b,
and some constants € > 0 and ¢ < O:

1. If f(n) = O(nlogb a‘e), then T(n) = @(nlogb a).
2. If f(n) = @(nlogb “), thenT(n) = @(nlogb a logn).

3. If f(n) = Q(nlogb a+6), andifaf(n/b) < cf(n) for all
sufficiently large n, then T(n) = @(f(n)).

PROOF OF LEMMA 3: Follows from Lemma 1 and Lemma 2.

T(n) =+




Extending the Master Theorem to All Integral n

We need to extend our analysis to allow situations in which floors
and ceilings appear in the Master recurrence:

T(n) = aT(

I3 o3

and T(n) = aT (

Obtaining a lower bound on recurrence (1) and an upper bound on

recurrence (2) are not difficult because we can use [ﬂ > % in the

. n n.
first case and b‘ < - in the second case.

Upper bounding recurrence (1) and lower bounding recurrence (2)
require more effort, but they use similar techniques.

So, we will only try to prove an upper bound on recurrence (1).



Upper Bounding T(n) = aT[n/bl + f(n)

log, n

f(ny)

a

<

f(nl)>\
f (nz) (nz)
a a

fnz)  f(ng) ~ f(ny) fnz)  f(ng) -~ f(ny) ------: > a’f(ny)

' v ] 1 1 1
1 ! \ ’ v i \
LR ; Il T o
1 \ ! ! 1 ' ! 1 ‘ ! \
| \ ! ! \ 1 ! \ i ! \
' ' ! 1 ' ! Y 1 ! \
' H

, 8(1) (1) O(1) 8(1) B(1) B(1) B(1) B(1) B(1) O(1) O(1) B(1) 8(1) O(1) O(1) B(1)--> B(n'°=?)

Y

alogb n _— nlogb a
Total: ©(n!o8v ) + Zlog" "alf(n))

As we go down the recursion tree we encounter a sequence of
recursive invocations on the arguments:

n,

[n/bl,

([n/b1/b], [[[n/m/b]/b}, .........



Upper Bounding T(n) = aT[n/bl + f(n)

A f(n) - > f(n)
/ a
f(ny f(m) F G R > af(ny)

a a
log, n

f(ny) f(nz) f(nz) f(n2) flng) = f(ny) f(ny) fny) = f(ny) ------- > azf(nz)

Py / ' \ ' ' \ Do) ! o Pl [
e b 1 1 1 ] toaan [ICEERY ! ! TR ! F ! Vaee
1 \ ] pees / 1 \ 1 \ \ ] , ! \ ' 1 \ : ! \
! ' h ! \ ' ! \ ! | ! ! \ ' 1 v f ! \
' v h 1 v 1 1 1 ' ' ' ' ! 1 Il 1 [y N 1 v
.

/ 0(1) 0(1) 8(1) B(1) B(1) (1) B(1) (1) O(1) 8(1) O(1) 8(1) O(1) B(1) O(1) B(1)--> O(n'8 <)

Y

<

alogb n _— nlogb a
Total: ©(n!o8v ) + Zlog" "alf(n))

Let’s define the jt" element in the sequence by n;, where
n, if j=0,
|ni—1/b), if j > 0.



Upper Bounding T(n) = aT[n/bl + f(n)

Let’s first determine a depth h such that n;, is a constant.
Using the inequality [x] < x + 1, we obtain:
Ny <n,
n
< =
n; =< + 1,
n 1
< — 4=
ns5+-+ 1,
n 1 1
< — 4 — 3=
n3_b3+b2+b+1,
and so on.

In general,




Upper Bounding T(n) = aT[n/bl + f(n)

Letting h = |log, n| we obtain:
n b

Nlogy, n] < pllogp 1| + b—1
n
< blogb n—1 + b—1

n b

< n/b t b—1

—ph4 2
=b+-—
=0(1)

Hence, at depth h = |log;, n| the problem size is at most a constant.




Upper Bounding T(n) = aT[n/bl + f(n)

log, n

f(ny)

a

<

f(ny)

f(nz)

a

B\

f(nz)

a

fnz)  f(ng) ~ f(ny) fnz)  f(ng) -~ f(ny) ------: > a’f(ny)

Lo ! [ [ /N
ETTR 1 1 L 1 [ 1 .
! \ ,' ' ' A\ ] ! v I \
1 \ \ 1 ! \ i ! \
' L ' 1 Il ! 1 1 ! \
1

4 G(Il) 9('1) G(Il) @(Il) G)(Il) 9('1) @(Il) @(Il) @(Il) @(Il) @(Il) G)(Il) @(Il) @(Il) @(-1) @(.1) _______ > @(nlogba)

Y

alogb n _— nlogb a
Total: ©(n!o8v ) + Zlog" "alf(n))

From the figure above we get:

logpn—1

T(n) = 0(n'o8v2) + 2 a’ f(n;)

j=0 36



Upper Bounding T(n) = aT[n/bl + f(n)
We have:

logpn—1
T(n) = @(nlogba) + ajf(n-)

We will have to evaluate the following sum:
logpn—1

g = ) af(n)

j=0



Upper Bounding T(n) = aT[n/bl + f(n)

We will evaluate the following sum:
logpn—1

gy =y alf(m)

j=0

Case 2: We have: f(n) = @(nlogb “).

n

logy a
If we can show that f(nj) =0 (H) , then case 2 of

Lemma 2 will go through.

Observe that j < |log, n| = %] < 1.

Also, f(n) = O(nlogb a) implies that there exists a constant
¢’ > 0 such that for all sufficiently large n; the following holds:

logy a
e b
flm) < ¢ (55+55)



Upper Bounding T(n) = aT[n/bl + f(n)

Case 2 (continued): We have:

logy a
(nj)<c ;’t] bb1)

logy a
bl b
( 1+ n b—1 ) '
logba B logp a

( ) ( 7b—1) |
, nlogb a )logb a

b 1 '
( logb a)

logb a
0,

C

IA
S

|
S




Upper Bounding T(n) = aT[n/bl + f(n)

Case 1: The proof is similar to that of case 2. The key is to prove the

n\108p a—¢
bound f(nj) =0 (ﬁ) which is similar to what we did in

case 2 though the algebra is more intricate.



Upper Bounding T(n) = aT[n/bl + f(n)

Case 3: If af (ED <cf(n)forn>b+ ﬁ, wherec < 1isa
constant then it follows that ajf(nj) < cJf(n).

Therefore, we can evaluate g(n) as in the proof of Lemma 2.
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