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The Master Theorem



A Useful Recurrence

Consider the following recurrence:

(0(1), if n <1,

— n
rm) =y - (E) + f(n),  otherwise;
\

where,a = 1and b > 1.

Arises frequently in the analyses of divide-and-conquer algorithms.
Consider the following recurrences from previous lectures.
Karatsuba’s Algorithm: T(n) = 3T (2) + O(n)

Strassen’s Algorithm: T(n) = 7T (g) + (H)(nz)

Fast Fourier Transform: T(n) = 2T (g) + O(n)



How the Recurrence Unfolds

O(1), ifn<l,
T(n) = n

aT (E) + f(n), otherwise.



How the Recurrence Unfolds

O(1), ifn<l,
T(n) = n

aT (E) + f(n), otherwise.

T(n)

v

f(n) + aT (g)



How the Recurrence Unfolds

O(1), ifn<l,
T(n) = n

aT (B) + f(n), otherwise.

\———’



How the Recurrence Unfolds

0(1), ifn<l,
T(n) = aT (g) + f(n), otherwise.



How the Recurrence Unfolds

0(1), ifn<l,
T(n) = aT (g) + f(n), otherwise.




How the Recurrence Unfolds

0(1), ifn<l,
T(n) = aT (g) + f(n), otherwise.
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How the Recurrence Unfolds

0(1), ifn<l,
T(n) = aT (g) + f(n), otherwise.
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How the Recurrence Unfolds

0(1), ifn<l,
T(n) = aT (g) + f(n), otherwise.
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How the Recurrence Unfolds

0(1), ifn<l,
T(n) = aT (g) + f(n), otherwise.

T(n)
f(n)\+, f(n)
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How the Recurrence Unfolds: Case 1

0(1), ifn<l,
T(n) = aT (g) + f(n), otherwise.

T(n)

Sums Geometrically Increase
Level by Level.

Last Level Dominates.
N

T(n) = O(n %)




How the Recurrence Unfolds: Case 2

0(1), ifn<l,
T(n) = aT (%) + f(n), otherwise.

T(n)




How the Recurrence Unfolds: Case 3

0(1), ifn<l,
T(n) = aT (g) + f(n), otherwise.

T(n)

Tog 'ou:/m}m n F
f) = Q@™ ) &af (7) < of )

for constants e > 0 & ¢ < 1. s (5)
: . Sums Geometrically decrease * _
() + Level by Level. “/ 37)
R First Level
Dominates.
= @(n " *")

T(n) = 6(f(n))




The Master Theorem

(0(1), ifn<l,

— n
T(n) = aT (E) + f(n), otherwise (a > 1,b > 1).
\

log,a-¢€

Casel: f(n) = O(n ) for some constant € > 0

T(n) = O(n°%")

log,a

Case 2: f(n) = G)(n lgkn) for some constant k > 0.

log,a

T(n) =0(n " lgtin)

Case 3: f(n) = Q™" ") and af (3 ) < cf ()
for constants € > 0 and c < 1.

T(n) = 6(f(n))




Example Applications of Master Theorem
Example 1: T(n) = 3T (g) + O(n)

Master Theorem Case 1: T(n) = ©(n'°823)

Example 2: T(n) = 7T (g) + ®(n?)

Master Theorem Case 1: T(n) = @(n!°827)

Example 3: T(n) = 2T (g) + ©(n)
Master Theorem Case 2: T(n) = ®(nlogn)

Assuming that we have an infinite number of processors, and each
recursive call in example 2 above can be executed in parallel:

Example4:T(n) =T (g) + ©(n?)
Master Theorem Case 3: T(n) = ©(n?)



Recurrences not Solvable using the Master Theorem
Example1: T(n) =+/nT (g) +n

a = \/n is not a constant

Example 2: T(n) = ZT( = ) + n?

logn

b = logn is not a constant
1 n 2
Example3: T(n) = ET (E) +n
1.
a=:is hot>1

Example4: T(n) = 2T (%n) +n

3,
b=Z|5n0t> 1.



Recurrences not Solvable using the Master Theorem
Example 5: T(n) = 3T (g) —n

f(n) = —nis not positive

Example6: T(n) = 2T (g) + n?sinn
violates regularity condition of case 3

n

Example 7: T(n) = 2T (23) +

logn

f(n) = O(nlogb “), but # O(nlogb “‘E) for any constante > 0

Example8:T(n) =T (g) + 2T (%) +n

a and b are not fixed



Multithreaded
Matrix Multiplication



Iterative Matrix Multiplication

n
Z; = Z XY
k=1

1 Zp Z, X, X, - X, Yo Yo - Y
Z, Z, Z,, — X, Xy X, X Yoo Y» - Yo
znl an Zrm xnl xnz xnn ynl yn2 ynn

Iter-MM ( Z, X, Y') {X, Y, Zare n x n matrices,

where n is a positive integer }
1. fori<« 1tondo

2 for j« 1tondo

3 Z[il[jl«O

4, for k< 1tondo

5 ZLiJjleZLiJlj1+XLillk]- YT k][]




Parallel terative MM

Iter-MM ( Z, X, Y') { X, Y, Zare n x n matrices,
where n is a positive integer }

1. fori< 1tondo

2 for j < 1 tondo

3 Z[il[jl1« O

4, for k< 1 tondo

5 ZLilljleZ0i i1+ XUillk]-YLkI[j]

Par-Iter-MM ( Z, X, Y) { X, Y, Zare n x n matrices,
where n is a positive integer }

1. parallel for i« 1tondo

2 parallel for j < 1 ton do

3 Z[il[jl« O

4, for k < 1 tondo

5 ZLiljle i1+ XUillk]-YLk]I[j]




Parallel terative MM

Par-lter-MM ( Z, X, Y')

1. parallel for i« 1tondo

2 parallel for j < 1 to n do

3 Z[il[jl« O

4, for k < 1 tondo

5 ZLiljle i1+ XUillk]-YLk]I[j]

{ X, Y, Zare n x n matrices,
where n is a positive integer }

Work: T,(n) = ©(n?)

Span: T,(n) =0O(n)

Parallel Running Time: T,(n) = O (Tl(n) + Too(n)> = O(

T1(n)

Parallelism:
Too (M)

p

- o(n?)



n/2
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Parallel Recursive MM

Z
— n/2
Z11 Z12
Z21 ZZZ
e—— n —>

X
— n/Z2 -
T |
n/2| X4 X9
— i n X
X21

Y
= n/2 o)
T
n/2| Y4 Y9
1
Y21 Y22

n/2

|
‘_

X1 Y+ X2 Yo

X3 Yo+ X5 Yo

=




Parallel Recursive MM

Par-Rec-MM (Z, X, Y) { X, Y, Zare n x n matrices,
where n = 2k for integer k >0 }

1. if n=1 then

2 L—7Z+X-Y

3. else

4.  spawn Par-Rec-MM ( Zy;, Xi1, Yi1)
5.  spawn Par-Rec-MM ( Z,5, Xy1, Y12)
6 spawn Par-Rec-MM ( Z,;, Xy, Yi1)
7 Par-Rec-MM ( Z,,, X531, Y13)
8 sync

9.  spawn Par-Rec-MM ( 241, X135 Y21)
10.  spawn Par-Rec-MM ( Z5, Xip Y2, )
11.  spawn Par-Rec-MM ( Z{, Xy, Yo1)

( )

13. sync

14. endif




Parallel Recursive MM

Work:
Par-Rec-MM (Z, X, Y) { X, Y, Zare nx n matrices, ®(1)'
where n = 2 for integer k >0} T; (n) = n
1. if n=1 then 2
2 L—7+X-Y
3. else = @(TLS)
4 spawn Par-Rec-MM ( Z,;, X1, Y1) Span:
5 spawn Par-Rec-MM ( Z,,, X1, Y13)
6.  spawn Par-Rec-MM ( Z,;, X514, Y1) ®(1):
7 Par-Rec-MM ( Zy,, Xy, Y12) To (n) = n
2T | =
8 sync 2
9 spawn Par-Rec-MM ( Z,;, Xi3, Yor)
10.  spawn Par-Rec-MM ( Z,,, X5, Yo,) = ®(n)
1. spawn Par-Rec-MM ( Z,,, Xy, Y1) . T. (n
Parallelism: 2 — ®(n?)
12. PGF'RQC'MM( Zzzy X22) Yzz ) Too(n)
13. sync
14. endif Additional Space:

Seo () = O(1)

ifn=1,
8T, (—) + ©(1), otherwise.

[ MT Case 1]

ifn=1,
) + ©®(1), otherwise.

[ MT Case 1]



Recursive MM with More Parallelism

Z

— n/2 ) T n/2 —|
T T
n/2| Zy, Z,, n/2 Xi1 Y11+ X2 Yoy Xi1 Y+ Xi2 Yy
4 n — + n

Z,, Z,, l Xo1 Yiq + X33 Yo Xy Yo+ X2 Yo l
[¢—— n —>] < n >
l— n/2 - = n/i2
T

T
n/2| X11Yqq | X117 12 /2| Xi3Y2q | X12Y22

|
[

X21 Y11 X21 Y12

X22Y21 X22Y22 l




Recursive MM with More Parallelism

Par-Rec-MM2 ( Z, X, Y) { X, Y, Zare n x n matrices,
where n = 2k for integer k >0 }

1. if n=1 then
L—7Z+X-Y

. else { T is a temporary n x n matrix }

spawn Par-Rec-MM2
spawn Par-Rec-MM2

spawn Par-Rec-MM2

2

3

4

5

6. spawn Par-Rec-MM2
7

8

9 spawn Par-Rec-MM2
0

1

(
(
(
(
spawn Par-Rec-MM2 ( T,,, Xi5,
(
(
(

1 spawn Par-Rec-MM2 ( Ty, X9, Yo

1 Par-Rec-MM2 ( Ty, Xy9, Yo
12. sync

13. parallel for i < 1 to ndo

14. parallel for j < 1 to n do

15. ZLilljleZ[i]i1+TIillj]

16. endif




Recursive MM with More Parallelism

Par-Rec-MM2 ( Z, X, Y) { X, Y, Zare n x n matrices,

where n = 2k for integer k >0 }

1. if n=1 then

2 Z—7Z+X-Y

3. else { T is a temporary n x n matrix }
4 spawn Par-Rec-MM2 ( 2y, Xy1, Yq1)
5 spawn Par-Rec-MM2 ( 2,5, X1, Y12)
6. spawn Par-Rec-MM2 ( Z,,, Xy1, Yi1)
7 spawn Par-Rec-MM2 ( Z,,, Xy1, Y¢3)
8 spawn Par-Rec-MM2 ( Ty, X3, Y1)
9 spawn Par-Rec-MM2 ( Ty, X125 Y92)
10.  spawn Par-Rec-MM2 ( T,y, X5, Yoq)
1. Par-Rec-MM2 ( Ty, X9, Y55 )
12. sync
13. parallel for i < 1 to n do
14. parallel for j < 1 ton do
15. ZLilljle i1+ Ti10J]
16. endif

Work:
0(1), ifn=1,
— n
T (n) 8T, (E) + ®(n?), otherwise.
= 0(n?) [ MT Case 1]
Span:
(1), ifn=1,
— n
Too (n) Too (E) + @(l()g Tl), otherwise.
= O(log?n) [ MT Case 2 ]
Parallelism: 7 — ®( "j )
Teo (1) log®n
Additional Space:
o(1), ifn=1
— n
Sw (1) 85, <§> + @(nz), otherwise.
= 0(n3) [ MT Case 1]



Parallel Merge Sort



Parallel Merge Sori

Merge-Sort (A, p, r) { sort the elements inA[ p ...r ]}

1. if p<r then

2. q<L(p+ry/2]

3 Merge-Sort ( A, p, q)

4, Merge-Sort ( A, g+1, r)
5 Merge ( A, p, q, )

Par-Merge-Sort (A, p, r) { sort the elementsinA[p..r]}

1. if p<r then

2 glL(p+r)/2]

3 spawn Merge-Sort ( A, p, q)
4, Merge-Sort ( A, g+ 1, r)
5 sync

6 Merge ( A, p, q, )




Parallel Merge Sori

Par-Merge-Sort (A, p, r) { sort the elementsinA[p..r]}

1. if p<r then

2 gl(p+r)/2]

3 spawn Merge-Sort ( A, p, q)

4, Merge-Sort ( A, g+ 1, r)
5 sync

6 Merge ( A, p, q,r)

O(1), ifn=1,
Work: T,(n) = n .
2T, > + ©(n), otherwise.
= ®(nlogn) [ MT Case 2 ]
a(1), ifn=1,
S . = n
pan: Te,(n) To (E) + ®(n), otherwise.
= O(n) [ MT Case 3]
Parallelism: 2 — ®(logn)

Teo (1)




Parallel Merge

n=r—p +1 Ny, =7, —0, +1

subarrays to merge: T(p;..71] Tlps. 7]

.'f-”l 41 f'1l '.f-”z 42 J"z‘

r ... <X X > X < X > X
suppose: Ny = n,
merge copy merge
A ... <X X > X
‘Pa {3 I3 '

merged output: A[pgl..rg]

n3=7‘3—p3+1=n1+n2

Source: Cormen et al.,
“Introduction to Algorithms

”n
’

3rd Edition



Parallel Merge

n=r—p+1

ng =1, —p2+1

subarrays to merge: Tlpy..1] T[p,..15]
| A
P ¢1 " P2 q2 12
r ... <X I\I > X < X > X

suppose: Ny = n,

merge copy merge
A .. <Xx X > X
P3 q3 I3
L . )
merged output: Alps..13]

n3=7‘3—p3+1=n1+n2

Step 1: Find x = T|q,], where g, is the midpoint of T[p;..

Source: Cormen et al.,
“Introduction to Algorithms”,

3rd Edition



Parallel Merge

n1=7"1—p1+1 Tl2=T‘2—p2+1
subarrays to merge: T[p;..m] T[py..7,]
| A
P 1 r P2 q2 T2
r ... <X I\I > X < X sz -
® 5
85
suppose: n; = Ny c23
O o®
g g™
Mmerge COpy merge @S
5 O
g o
A .. <X X > X 9 g
P3 43 F3
L . J
merged output: Alps..13]

n3=T3—p3+1=n1+n2

Step 2: Use binary search to find the index g, in subarray T[p,..7,]
so that the subarray would still be sorted if we insert x between

T|lq, — 1] and T|q,]



Parallel Merge

n=r—p +1 Ny, =7, —0, +1

subarrays to merge: T(p;..71] Tlps. 7]

.'f-”l 41 f'1l '.f-”z 42 J"z‘

r ... <X ITI > X < X > X
suppose: Ny = n,
merge copy merge
A .. <Xx u > X
‘Pa {3 I3 '

merged output: A[pgl..rg]

n3=7‘3—p3+1=n1+n2

Source: Cormen et al.,
“Introduction to Algorithms”,

3rd Edition

Step 3: Copy x to A[qs], where g3 = p3 + (g1 — p1) + (92 — P2)



Parallel Merge
n=r—p +1

ng =1, —p2+1

subarrays to merge: T[p;..m] T[py..7,]
| A
P ¢1 1 P2 q2 12
T ... <X X > X e | <x | > x

suppose: Ny = n,

merge copy merge
A .. | <Xx I.\: > X
P3 {3 I3
L . J
merged output: Alps..13]

n3=T3_p3+1=n1+n2

Perform the following two steps in parallel.

Source: Cormen et al.,
“Introduction to Algorithms”,

Step 4(a): Recursively merge T[p;..q; — 1] with T|p,..q, — 1],

and place the result into A[p3..q5; — 1]

3rd Edition



Parallel Merge

n=r—p+1

ng =1, —p2+1

subarrays to merge: T[p;..m] T[py..7,]
| A
P ¢1 1 P2 q2 12
r ... <X X > X < X > X

suppose: Ny = n,

merge copy merge
A < x Y] = [
P3 q3 I3
L . J
merged output: Alps..13]

n3=T3—p3+1=n1+n2

Perform the following two steps in parallel.

Source: Cormen et al.,
“Introduction to Algorithms”,

Step 4(a): Recursively merge T[p;..q; — 1] with T|p,..q, — 1],

and place the result into A[p3..q5; — 1]

Step 4(b): Recursively merge T|q; + 1..77] with T[g, + 1..75, ],

and place the result into A[g; + 1..135]

3rd Edition



Parallel Merge

Par-Merge (T, py, Iy, Py, Iy A, P3)
1. nje—ri-p;+1, nye—r,-p,+1
2. if n, <n, then
3. pi > Py, [, NN,

. if n, =0 then return
. else

g <L(py+r)/2]

QG<pP;+(q-p1)+(q-py)
Alg;]1 < Tlq]

4
5

6

7. g, < Binary-Search ( T[q,1, T, p,, ry)

8

9

0 spawn Par-Merge ( T, py, q4-1, Py, G,-1, A, pP3)

11. Par-Merge (T, gi+1, ry, G;+1, 1y, A, G5+1)
12. sync




Parallel Merge

Par-Merge ( T, py, Iy, Py, 5, A, D3 )
1. n1er1-P1+1, nZFrZ_p2+1 We have,

2. if ny <n, then

n2Sn132n2Sn1+n2=n

3. P1 < Py 1< Ny M

. if n;y =0 then return

. else In the worst case, a recursive

4

5

6. g el(per)i2] call in lines 9-10 merges half
7. q, < Binary-Search ( T[q,1, T, p,, Iy )
8

9

bt (ap) e (dp) the elements of T[p;.. 7] with

ALyl Tla] all elements of T[p,..15].

10.  spawn Par-Merge (T, py, Gi-1, Py, Go-1, A, p3)

11. Par-Merge (T, qi+1, ry, Go+1, 1y, A, G3+1)

Hence, #elements involved in
12. sync

such a call:

nq n, mn, n, ni+n, 2n, n
— < < — <
{2‘+”z—2+2+2 2 2 =27




Parallel Merge

Par'Merge(T) P1s 'y, P2 I A) p3) Span:
2. if ny <n, then ( ) 3' ’
To(n) =< n :
3. PPy, ren hon > To T + ®(logn), otherwise.
4. if n, =0 then return \
5. else
= ®(log?n) [ MT Case 2 ]
6. g —L(py+ry)r2]
7. g, < Binary-Search ( T[q,1, T, p,, Iy) Work:
8. Q< p3+(q-p)+(G,-py) C|ear|y’ Tl(n) — Q(Tl)
9. Alg3]<«T[g]
10.  spawn Par-Merge ( T, py, Gi-1, Py, Gp-1, A, Py ) We show below that, T; (n) = O(n)
1. Par-Merge (T, gy+1, 1y, Gy+1, 1y, A, G5+1) 13 _
For some a € [—,—], we have the following
12. sync 4" 4
recurrence,

Ti(n) = T;(an) + Tl((l — a)n) + O(logn)

Assuming Ty (n) < c;n — ¢, logn for positive constants c; and c,, and substituting on the right
hand side of the above recurrence gives us: T;(n) < ¢;n — ¢, logn = O(n).

Hence, T; (n) = ©(n).



Parallel Merge Sort with Parallel Merge

Par-Merge-Sort (A, p, r) { sort the elementsinA[p..r]}
1. if p<r then

2 gl(p+r)/2]

3 spawn Merge-Sort ( A, p, q)

4, Merge-Sort ( A, g+ 1, r)

5 sync

6 Par-Merge ( A, p, q, )

: = n
Work: T;(n) 2T, (E) + ®(n), otherwise.
= ®(nlogn) [ MT Case 2 ]
o(1), ifn=1
Span: = n
pan: T, (n) T.. (E) + ®(log?n), otherwise.

= ®(log3n) [ MT Case 2 ]

Parallelism: 2 =®( = )
Too (1)




Parallel Prefix Sums



Parallel Prefix Sums

Input: A sequence of n elements {xq, x5, ..., x,,} drawn from a
set S with a binary associative operation, denoted by &.

Output: A sequence of n partial sums {s4, 55, ..., S,,}, where
S; = X1Px,® ... Px; forl < i < n.




Parallel Prefix Sums

Prefix-Sum ( (X1, X5, .., Xp), @)

—

o

10.

1

—

g A W N

. ifn =1 then
S1 < X
else

{n = 2k for some k > 0.
Return prefix sums

(Sl, S92, ""STL> }

parallel fori « 1 ton/2 do

Vi < Xoi—1®Dxy;

(Zl,Zz, ...,Zn/2> «— PrefiX'Sum( (yl,yz, ...,yn/2>, @ )

parallel for i « 1 ton do

if i =1 then sq < x4

else if i = even then s; < z;,

else S; « Z(j—1)/2® Xx;

. return (s, Sy, ..

) Sn)




V1

Parallel Prefix Sums




Parallel Prefix Sums

5 8 15 16 19 25 27 31

‘ 38 16 25 31

16

16




Parallel Prefix Sums

Prefix-Sum ( {x1, X3, .., Xp), @)
1. ifn =1 then
2 S1 ¢ X1
3. else
4
5

Vi < X2i-1Dxy;

6. (21,22, o) Znya) < Prefix-Sum({y1, Y2, o, Yny2), @)

{n = 2k for some k > 0.
Return prefix sums

(Sl,Sz, ...,Sn> }

parallel fori « 1 ton/2 do

7. parallel fori « 1 ton do

8. if i =1 then sq « x4

9. else if i = even then s; < z;/,
10. else S; « Z(j—1)/2® X;

11. return {(Sy, Sy, ..., Sp)

Work:
O(1), if n=1,
Ty(n) = T, (g) + ©(n), otherwise.
= O(n)
Span:
o), ifn=1
Teo () = T (g) +©(1), otherwise.
= O(logn)
Parallelism: ;;((1:) =0 (107; n)

Observe that we have assumed here that a parallel for loop can be
executed in ®(1) time. But recall that cilk for is implemented using

divide-and-conquer, and so in practice, it will take @(logn) time. In that

case, we will have T,(n) = ®(log?n), and parallelism = ® (ln:zn)'



Parallel Partition



Parallel Partition

Input: An array A[ g : r ] of distinct elements, and an element x from A[ g : r].

Output: Rearrange the elements of A[g :r], and returnanindex ke [ g, r],
such that all elementsin A[ g : k-1 ] are smaller than x, all elements in A[ k +
1:r]arelargerthanx, and A[ k] = x.

Par-Partition (A[g:r], x)

1. ner—qg+1

2. if n=1then return q

3. array B[0:n—1], lt[0: n—1], ¢t[0: n — 1]

4. parallel fori<« 0ton—1do

5 Bl[i]< A[g+i]

6. ifB[i]l<xthenlt[i]« 1elselt[i]« 0

7 ifB[i]>xthengt[i]« 1elsegt[i]« 0

8. t[0:n— 1]« Par-Prefix-Sum ( (t[0:n—11], +)
9. gt[0: n— 1] « Par-Prefix-Sum ( gt[0:n—11], +)
10. ke—qg+t[n—1], A[k]« x

11. parallel fori<« 0ton—1do

12. ifB[i]<xthenA[g+(t[i]—1]«B[i]

13. elseif B[i]l>xthenA[ k+gt[i]]« B[i]

14. return k




Parallel Partition

14

21

x=8



It:

Parallel Partition

517111 3 14 21| x=8
1 2 3 5 7 9
517111 3 14 21
7 8 9 1 3 4 5
ol1]0 gt: 0 1]1]0]0




It:

It:

Parallel Partition

A: s | 711211138144 ]|21] x=8
1 2 3 4 7 8 9
B: s |7 l112] 113|814 4|21
3 4 5 7 8 9 0 1 2 3 4 5 6
0]1]1 ol1]o gt:{]1]J]o|Jo]1]o0]o]o
21314 4 | 51| 5 gt:| 1|1 |1]2]2]2]2
prefix sum prefix sum




It:

It:

Parallel Partition

A: 517111 3 14 21| x=8
1 2 3 5 7 9
B: 5|17 |11 3 14 21
3 4 5 7 8 9 1 3 4 5 6
0]1]1 ol1]o gt: 0 1]lo]lo]o
21314 4 | 51| 5 gt: 1 2121212
prefix sum prefix sum
1 2 3 5 7 9




Parallel Partition

3 45 6 77 8 9 _ o 1 2 3 4 5 6

o|lrfrfolo]z]o gt:|1]olo|l1fofo]o

[ 213 falafa]s y gt:| 112221212
. prefix sum. k=5 prefix sum

o
=
N
w
L- 4>
wn
o))
~
00
©o




It:

It:

Parallel Partition

A: 5|17 1121|3814 4]|21] x=8
1 2 3 4 7 8 9
B: 5171211 ]3]8]14f4 |21
3 4 5 7 8 9 0 I-._2 3 4 s . 6
ol1]1 ol1]o gt:]1]ofloT1|o]o]f o]
23] a4 als y gt:| 1|11 ]2]2]2]2
prefix sum k=5 | prefix sum. .~
1 2 3 4 5 6 7/ 8 e
A: 71 1]|3]| 4 9 |11 18] 24




It:

It:

Parallel Partition

A: s | 711211138144 ]21] x=8
1 2 3 4 7 8 9
B: s |7 l112] 113|814 4|21
3 4 5 7 8 9 0 1 2 3 4 5 6
0]1]1 ol1]o gt:{]1]J]o|Jo]1]o0]o]o
2|1 3| 4 4 | 5 y gt:| 1|1 |1]2]2]2]2
prefix sum k=5 prefix sum
1 2 3 4 5 6 7 8 9
A: 71113 4 9 |11 14| 21




Parallel Partition: Analysis

Par-Partition (A[q :r], x)

1.

10.
11.
12.
13.

14.

2
3
4
5
6.
7
8
9

ner—q+1

. if n=1then returnq
.array B[O:n—1], l([0: n—11], ¢t[0: n — 1]

. parallel fori« 0ton—1do

Bli]«< Al qg+i]
ifB[i]<xthenlt[i]« 1elselt[i]« 0
ifB[i]>xthengt[i]« 1elsegt[i]« 0O

. t[0:n—1]« Par-Prefix-Sum ( lt[0: n—11], +)
. gt[0: n— 1] « Par-Prefix-Sum ( gt[0:n—11], +)

ke—qg+lt[n—1], A[k]« x

parallel for i« 0ton—1do
ifB[i]<xthenA[q+t[i]—1]« B[i]
elseifB[i]>xthenA[ k+gt[i]]« B[i]

return k

Work:

Ti(n) = 6(n)
+ O(n)
+ O(n)
= O(n)

[lines1-7]
[ lines 8 —9 ]
[lines 10— 14 ]

Span:
Assuming log n depth for parallel
for loops:

T, (n) = ©(logn)
+ ®(log?n)
+ ®(logn)
= O(log?n)

[lines1—-7]
[ lines 8 -9 ]
[ lines 10 — 14 ]

Parallelism: 17 =®( = )
Too (1) log“n



Parallel Quicksort



Randomized Parallel QuickSort

Input: An array A[ g : r ] of distinct elements.

Output: Elements of A[ g : r ] sorted in increasing order of value.

Par-Randomized-QuickSort (A[q:r])
1. n«r—q+1

2. if n< 30 then
3. sort A[ g : r ] using any sorting algorithm
. else
select a random element x from A[ g : r ]
k < Par-Partition ( A[q:r], x)

4
5
6
7. spawn Par-Randomized-QuickSort (A[q:k—11])
8 Par-Randomized-QuickSort (A[k+1:r])

9

sync




Randomized Parallel QuickSort: Analysis

Par-Randomized-QuickSort (A[q:r])
1. ner—q+1

2. if n< 30 then
3. sort A[ g : r ] using any sorting algorithm
. else
select a random element x from A[ g : r ]
k « Par-Partition ( A[q:r], x)

4
5
6
7. spawn Par-Randomized-QuickSort (A[g:k—11])
8 Par-Randomized-QuickSort (A[k+1:r])

9

sync

Lines 1—6 take ®(log? n) parallel time and perform ®(n) work.

Also the recursive spawns in lines 7—8 work on disjoint parts of
A[ g :r]. So the upper bounds on the parallel time and the total
work in each level of recursion are ®(logZn) and ®(n), respectively.

Hence, if D is the recursion depth of the algorithm, then

Ti;(n) = O(nD) and T,,(n) = O(D log?n)



Randomized Parallel QuickSort: Analysis

Par-Randomized-QuickSort (A[q:r])
1. ner—q+1

2. if n< 30 then
3. sort A[ g : r ] using any sorting algorithm
. else
select a random element x from A[ g : r ]
k « Par-Partition ( A[q:r], x)

4
5
6
7. spawn Par-Randomized-QuickSort (A[g:k—11])
8 Par-Randomized-QuickSort (A[k+1:r])

9

sync

We already proved that w.h.p. recursion depth, D = O(logn).
Hence, with high probability,
Ti(n) = O(nlogn) and T,(n) = O(log3n)



