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Abstract

This paper presents a theorem that asserts that average edge length of the minimum spanning tree of a complete graph o
n + 1 vertices is less than or equal to the average edge length of all+h& minimum spanning trees of the induced graph
onn vertices. The result is also in compliance with results given by Frieze and Ste®#99 Elsevier Science B.V. All rights
reserved.
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1. Introduction In Frieze [2] the result was extended to cover the
case of continuoug’ with finite variances. Steele [4]

Let K, denote a complete graph with vertex $&t  extended Frieze’s theorem to the widest possible class
with cardinality » and edge seE. Weights are as-  of F. In particular, Steele gave the following result:
signed to eacle € E by means of non-negative, in-
dependent random variablés with common distri-
bution F. We further let/(n) denote the cost of the
minimum spanning tree of,, i.e.,

If X, are independent non-negative random variables
whose continuous distribution functian is differen-
tiable from the right at0, with F’(0) > 0, theni(n)
converges ta (3)/F’(0) in probability 1, i.e, for all

l(n):rrynZXg e >0,
ecl P(|i(n) —¢(3)/F' (0)| >¢) - 0 asn— oo.

where the minimum is taken over the set of li2
trees which spaiv . In this paper we present a related result which states

Under the assumption that the, are uniformly ~ how the average edge length of minimum spanning
distributed or{0, 1], Frieze [2] established that trees formed from a random complete graph varies

0 with its number of vertices. In the next section, we

lim E(Im) =¢(3) = Zk% —1.202... give the result. We also show the relation of our result
n—oee —_ to Frieze and Steele in the conclusion.
and/(n) — ¢(3) in probability 1 as: — oo.
- 2. The result
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weight of edges in a minimum spanning treekof, 1 .
Removing any vertex fronk, 1 gives ak,. K,, can
be induced fronK, 1 in (n + 1) different ways. For
each particulak,,, we can calculat@ (n). Let ¥ (n)
be the average of all th& (n) obtained in this way.
Then we have the following result.

Theorem 2.1. ¥ (n+ 1) < ¥ (n).

Proof. Letl(n + 1) be the sum total of weights on
edges of the minimum spanning tree K§1. Then,
Y(n+1) =In+1)/n. There are(n + 1) ways of
inducing akK, from aKk, 1. Let/;(n + 1) be the sum
total of weights of thgn — 1) edges of the minimum
spanning tree ofK,, when K,, is constructed from
K,+1 by removing vertex. Then,
o+ 1)
Z ( n—1 )

(n+1) ~

— 1
v(n)=

(2.1)

Lets; be the smallest weight of the edges connected n+1

tovertexi. Thenl(n + 1) <l;(n + 1) +s;. So,

W(n+1):l(n+1)
1 n+1
<m§(zi(n+1)+si)
_ 1 <Z?illli(n+1) L X
(n+1) n—1 n

n+ly.
ZEE@ZiB). 2.2)
nn—1

Now, subtracting (2.1) from (2.2) yields

U(n+1) —¥Hn)
1 (XEs XA ie+D
S (n+1) n n(n—1)

=1y s
i=1

=l
=—|(n
nn+1mn—-1)

n+1
— Zli (n+ 1)).
i=1

Now concentrate on the second term within the
bracket. We haven + 1) T;(n)'s with n vertices,
whereT;(n) is a minimum spanning tree with of the

(2.3)
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graph withn vertices which is induced fronk, 1

by removing vertex (i =1,2,3,...,n+ 1). Each of
theseT; (n)'s has(n — 1) edges. We can systematically
make a one-to-one mapping of each of thése- 1)
edges ton — 1) vertices ofT;(n). First we consider
vertex(i mod(n + 1)) + 1 as the root off; (n). Then

we start from the leaves and map the edge incidenton a
leaf to that leaf. Now removing the mapped leaves and
edges front; (n), we get a new tree and can apply the
same mapping scheme, until all the— 1) edges map

to unique vertices. Such a mapping scheme ensures
that all the vertices oK, 1, except vertex (which

is not included inT;(n)), and i mod(n + 1)) + 1
(which is considered to be the root), have a one to one
mapping to(n — 1) edges off; (n). Suppose, iff; (n),

the edge which maps to vertgxhas weightd;; with
Jj#i,j# ({mod(n+1)+ 1. Clearlyd;; > s;, since

s; is the minimum weight of the edges connected to
vertexj.LetN ={1,2,3,...,n+1}. So,

n+1 n+1

Zl(n—i—l) Z Z

i=1 j=1j#i,
J#£G mOd(n+1))+l

2

{(i mod(n+1))+1}

n+1

33

i=1jeN—

Sj

n+1

=0n- 1)Zsj
j=1

n+1

n+1l
é{@—b}:a—}:Mn+D}<Q (2.4)
i=1 i=1

From Eq. (2.3), it follows thatV (n + 1) <
Hence the theorem is provedr

W (n).

This is also in compliance with the usual expecta-
tion that deleting a vertex from a graph will cause an
increase in pairwise distance between the remaining
vertices.

3. Conclusion
The result we have presented in the previous section

does agree with the results of Frieze [2] and Steele [4].
Their results state that when the edge weights of a
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