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Motivation

Engineers and theoreticians have different ideason how to
solve combinatorial optimizationproblems.
Thetwo groupsspeakcompletelydifferentlanguages:
Engineer: “Genetic algorithms,simulatedannealing,local
optimization,energy landscapes.. . ”
Theoretician: “Approximation algorithms, PTAS, NP-
completeness.. . ”



Dialog

Engineer: “Our heuristics work well in practice. Your
heuristicsare very problem-specific and can be difficult to
implement.”
Theoretician: “We getguarantees aboutour heuristics.Why
doyou think yoursareany good?”



Dialog Breaks Down

Engineer: “Your Momma.”
Theoretician: “No, your Momma.”
Our proposal: Combinatorial dominance analysis as a
possibleway to helpbridgethisdivide.



Outline of Talk

� CombinatorialDominanceAnalysis.. .� . . .Applied to Problem-Specific Heuristics� . . .Applied to Black-BoxSearch Heuristics� Building aGeneral CombinatorialSearch Engine



Letters of Reference

“She is half asgoodasI am,but I am the bestin the
world.. . ”

“Shefinishedfirst in my classof 75 students.. . ”

The former is akin to an approximationratio, the latter to a
combinatorial dominance guarantee.
Which is astrongerendorsement? Not obvious.



Combinatorial Dominance Guarantees

Thesolution space
�������
	

is thesetof all possiblesolutions�
to � , where ����� �

.
A heuristic � ������	

offers an � ���
	
combinatorial dominance

guarantee if for all instances
�

thesolution � � ����	
is provably

at leastasgoodas � ���
	
elementsof

�������
	
.

A specificinstance
���

yieldsa blackball bound of � ���
	 if the
solution � ����� � 	

is provably worsethanat least � ���
	 elements
of

� � ����	
.



Good Things about Dominance Analysis

� Opensthe possibility of analyzing practical heuristics
suchas � -opting, which do not offer interestingworst-
caseapproximation ratios.� Opensthepossibilityof analyzing heuristicsfor inapprox-
imableproblemslike independent setor graphcoloring.� Yieldscute,simpleanalysisfor many popularheuristics.



Bad Things about Dominance Analysis

� It givesnoabsolutequalityguarantee.� David Johnson“hatesthis sortof thing”.� Unnatural typesof heuristicswith messyanalysisoften
resultsin highdominancebounds



Previous Work

Combinatorialdominancehasbeenindependently discovered
several times(includingby us).
� First TSPheuristicswith exponential dominationnumber

– Saranov andDoroshko (1981)� First polynomialalgorithmto dominate �!��� " #$	&%'	
TSP

tours– Gutin,Yeo,andZverovich (2001)� OptimizingTSPsover natural exponentially-largeneigh-
borhoods– Deinieko andWoeginger (2000)

Weseekto analyzepopularheuristicsfor many problems.



Nearest Neighbor Heuristic for TSP

Thenearest neighborrule selects anarbitrarystartpoint,and
thenproceedto thenearest unselectedpoint. Repeatuntil all
pointshave beenselected.
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Starting from the center point, the nearestneighbor tour
repeatedlyalternatestakingpointsfrom theleft andright.
Since every vertical cut separating ( points cuts exactly)+* ,.- � (!/ � " ( 	 tour edges,this is the worst possible tour!



Doubling the Minimum Spanning Tree

The edgeweightsof a metric graph 0 satisfy the triangle
inequality.
Doubling the minimum spanningtree of 0 , performing an
Euleriantour, and replacing redundantsubtourswith direct
edgesgivesa2-approximation for TSPtouronmetricgraphs.
But it canconstructthe worst possible tour!



A Bad Example for MST
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0 containsa singlevertex distance1 from all othervertices,
a Hamiltonianpathbetweenall leaveswith edgesof weight
2, andall otheredgesof weight

#21 3
(not shown).



TheoptimalTSPtourof 0 hasweight
��� " ) 	4�5#21 36	�1 )87 #

.
However, a possibleEulerian tour of this star traces all the
weight-2edges,yielding aTSPtourof weight

) ��� " ) 	�1 )
.



Two-Opting for TSP

A TSP solution is � -optimal if there is no way to deletea
subsetof � edgesandreconnecttheresultingcomponentsto
obtainabettersolution.
Claim: Any 2-optimal TSP tour � dominatesat least����9 ) " #$	&%

othertours.
Because� is a 2-optimal tour, theredoesnot exist an edge
swapin � thatleavesthetour bothshorterandconnected.
Thus any sequence of independent edge-swapoperations
mustyield a tourwhosecostis dominatedby � .
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Partition � into two chains: and ; , eachwith
�<9 )

edges.
Mapeachedgeof : to adistinctedgeof ; suchthatall pairs
areanindependent edgeinterchangeoperations.
Suchamappingis definedby any permutationof theedgesof; which avoidshaving both =?> @ and = 1 # > @ 1 #

, since
thesetwo operationsshareanedgeto beinterchanged.
Thereareat least

����9 ) " #A	4%
permutations which avoid this,

giving theresult.



Simple Polygonization

The optimal Euclidean TSP tour in the plane is a simple
polygon,i.e. non-crossing.

A zig-zagtourbetweentwo clusterscanbevery bad,but how
good canit be?
Whatis thecombinatorial dominanceguaranteefor any non-
crossingTSPtouron

�
points?



Subset Problems

The hardness of subsetproblems results from imposing
constraintswhich rendercertainelementsof thesearchspace
to beinfeasiblesolutions.
A solution � positively dominates solution B for a maximiza-
tion (minimization) problem � if � and B are both feasible
solutionsand CED ��� /F� 	HG CED ��� /FB 	 ( CED �I� /F� 	KJ CED ��� /FB 	 ).
Any feasible solution dominatesevery infeasible solution
with respect to combinatorial dominance guarantees,so the
dominancenumber � is the positively dominatedsolutions
plustheinfeasiblesolutions.



Incremental Insertion

The incremental insertionheuristicsuccessively insertsele-
mentsinto thesolutionprovidedit remainsfeasible.
A maximization(minimization)problem� is monotonically-
constrained if for any infeasiblesolution L of � , then L �

is
aninfeasiblesolutionfor all L M L �

( L � M L ).
Claim: Let � be a monotonically-constrainedoptimization
problem. Thenincremental insertionyields a

)ON$PRQ
combina-

torial dominanceguaranteefor any instanceof � .
Monotonically-constrainedproblems include clique, inde-
pendentset,knapsack,andvertex cover.



Proof

Let
�

betheincrementalinsertionheuristicsolution.
Any propersubsetof

�
mustbe a feasible (anddominated)

solutionto � , since � is monotonically-constrained.
For every non-emptysubsetof L � S " �

,
�UT L is infeasible,

or elsethe element of L would have alsobeenselected by
incremental insertion.
Oneway or theother,

�
mustdominate

G )VN$PRQ
subsets.



Local Improvement for Knapsack

In the knapsack problem, we are given a set of integers� � WYX�Z&/\[][\[\/6X N�^ anda capacity _ . We seek
�
� M �

that
maximizes̀�acbed\fOX subjectto theconstraintthat `gacbed\fOX J _ .
Consideraninsert/exchangelocal improvementheuristic:
Insert operationsadd a new element � to the solution

� �
,

providedthecapacity _ of theknapsack is notexceeded.
Exchange operationsreplace � h � �

with B h � " � �
,

providedthecapacity is notexceededand B i � .
Theheuristicterminateswhen

� �
is locally optimal.



Analysis

Consider the elementsof
� � � WYX�Zj/e[][\[]/OXlk ^ and S � �� " � km� Won�ZF/\[][e[]/Fn Nep k ^ where

� �
is locally optimal.

Assumethatboth
� �

and S �
aresortedin increasingorder.

Wecompare themedianof
� �

with themedianof S �



Case q � 9 ) r s ���t" � 	u9 )
Then

�v�
dominates(1) all

)$Nep k " #
infeasiblesolutionsby

adding a proper subsetof S �
to

� �
, and (2) all feasible

but inferior solutions formed by taking a proper subset
of W�XwZx[\[][VX k PRQyp Z ^ and replacing a subsetof WYX k PRQ /][\[][\/6Xlk ^@ J � 9 ) elements of with = J @ elements ofWln�Z&/][\[][\/zn
{ Nep kz| PcQ ^ .

� ���
	}G ) k 9 )~7]����� { Nep k4��kz| PRQ���� Z �������4�������� 	 k PRQ��y� Z �������� 	



Themaximumof (1) and(2) is minimizedfor � � ��9 )
, which

simplifiesto

� ���
	 G ) N$P�� 7 N$P������ Z �������� 	HG ) N$P�� 7 ������������ 	 7o) N$P��jp Z
G ) N$PRQup Z$�  ¡ ����9o¢£	

����9�¤w	
¥§¦¦¨
N$Pª© G )l« N$Pª© 9 ) ¬ # [® ¢ ) N 9 )



q � 9 ) ¯ s ���t" � 	u9 )
Then

�v�
dominates(1) all

) k " #
feasiblebut inferior solutions

by removing a proper subsetof
�
�

from
�v�

and (2) all
infeasible solutions formed by taking a proper subsetofWYX k PRQ /][e[][\/6X k ^ andreplacinga subsetof = J � 9 ) elementsofWYX�Zx[][e[6X k PRQyp Z ^ with = J @ elementsof Wln°{ Nep kz| PRQ /e[][\[]/Fn Nep k ^ .

� ���
	}G ) k 9 )87]����� { Nep k4��kz| PRQ���� Z �������� 	 { Nep kz| PcQ��y� Z �������&���±���� 	
Themaximumof (1) and(2) is minimizedfor � � ��9 )

, which
simplifiesasabove.



Bad Example for Local Improvement

A bad example for this heuristicconsistsof _ � ¢
,
��� �W # / # / #²9g��� " ³w	 /][\[][\/ #²9g��� " ³w	 ^ suchthat `�acbed f X � ³
, andS � � W ³ ^ .

This solution is locally optimal, but thereare
) Nep�´

superior
feasiblesolutionsof the form 3 unionedwith any proper
subsetof the

� " ³
elementsof weight

#²9g��� " ³w	
.

Claim: The local exchange heuristic combinatorially
dominates

) « N$Pª© 9 ) ¬ # [® ¢ ) N 9 ) , andhasa blackballboundof) Nepµ´
.



Our Results

Combinatorial DominanceBounds Approx
Problem Heuristic ¶5·¹¸ªº “good” »�·¹¸ªº “bad” Ratio
General TSP dynasearch ¼ ����� ·¹¸w½¿¾Àº'ÁÂ½Ã·¹¸ªÄ�¼Åº'Á none
General TSP locally opt vertex insertion ·¹¸ªÄ�ÆÅº'Á ·¹¸w½ÈÇÅº'Á none
General TSP edge¼ -opting ·¹¸ªÄ�¼O½¿¾Àº'Á ·¹¸w½�ÉÊº'Á none
Metric TSP min spanning tree 1 ·¹¸w½¿¾Àº'ÁË½Ã·¹¸ªÄ�¼Åº'Á � 2
2D EuclideanTSP nearest neighbor rule 1 ·¹¸w½¿¾Àº'ÁÂ½Ì·¹¸ªÄ�¼Åº'Á � ÍÏÎ ¸
2D EuclideanTSP min spanning tree 1 ·¹¸w½ÑÐËº'Á 2
2D EuclideanTSP non-crossing tour ? ·¹¸ªÄ�¼O½¿¾Àº®·¹¸�½Ò¼Åº'Á none
Clique/Ind.Set incremental insertion ¼ ����� ¼ �Ë�Ó� Ô ·¹¸�ÕÖº
Vertex Cover vertex insertion ¼ ����� ¼ �Ë�Ø× none
Vertex Cover edgeinsertion Æ ����Ù Æ �Ê��� 2
Knapsack incremental insertion ¼ ����� ¼ �Ë�ÓÙ none
Knapsack local exchangeheuristic ¼�Ú �Ê���Û�Ø× ¼ �Ë�ÓÙ none
Knapsack scaling PTAS ¼ �Ê�'� ÕÝÜ ×Ý� ¼ �Ê���Û�Ø× PTAS

Chromatic Number incremental insertion Þ �Ù������àß á ·¹¸w½Ò¼Åº Ô ·¹¸ Õ º



Black-Box Optimization

Black-box heuristics are problem-independent algorithms
which assumeonly (1) the existenceof local neighborhood
operators which take an arbitrary element X of the solution
space

�
andgeneratesnearbyelements of

�
, and(2) a cost

functionwhich evaluatesthequality of a givenelementX .
Examplesincludesimulatedannealing, tabu search,genetic
algorithms;eachwith their vocaladherents.
But which is best?



Comparing Black-Box Heuristics

Variantsof search proceduresaredifficult to compare, even
experimentally.
Wolpert andMacready’s (1997)no free lunch theorem even
claims that any heuristic that (1) extracts no information
about the cost function, and (2) evaluatesnew solutionsat
thesamerateperformsnobetterthanrandomsampling.



A Dominance Model for Search

We modelthe energy landscapefor a given problemasa � -
regular randomdirectedgraph0 � �ãâ /åä 	

, whereeachvertex
is assignedauniquerank � ��æ � 	 � = .
Theedgeset ä is constructed by drawing � edgesfrom

æ � hâ
to randomlychosenverticesin range ç æ � pÈè / æ ��é è�ê .

1N−2N−1

1

2 k−1

k

0
2 c  +  1

We seek a vertex of minimum rank while restricting the
search to (1) generating an vertex uniformly at random,or
(2) traversinganedgefrom apreviously visitedvertex.



Details

We pay unit cost to evaluatethe objective function on any
vertex.
All searchesbegin at vertex

æìë p Z .
We are interested in the expected performance of search
heuristicsonsuchgraphs.
Although the model is simple, it is rich enoughto study
the impact of neighborhood size and structureon search
performance.



Rationale

Why a regular graphof outdegree � ? – mostoperators like
vertex/edgeswapareregular.
Why areedgesof lengthboundedby í ? – eachlocal move
changesonly partof thesolution.
Why are edge lengthsuniformly distributed? – why not,
especially sinceit simplifiesanalysis.



Understanding Heuristic Performance

Our graphnaturallypartitionsinto two regionsby rank: the
transient region

��æ è / æÑë p Z ê , andthegoal region ç æwî / æ è ê .� The rangeparameter í governs how fastwe candescend
from the start into the goal region. At least ï 9 í local
movesarenecessary to enterthegoalregion.� Greedy heuristicsrequire � evaluationsper node,where
randomsearch will use2 in thetransientregion.� In thetransientregion, theprobability

æ
is a sink is

#²9 ) k .
Thus if � is sufficiently small relative to ï and í ,
any gradient-descentsearch is likely to terminatein the
transientregion andnot reach thegoalregion.



� Theprobabilitythata vertex is a sink increasesrapidly as
we move throughthegoalregion.

Thusit becomesprogressively harder to make additional
progresstowardsthe optimum when we search through
thegoalregion.� Note that proximate vertices (

æ � and
æ ��é Z ) represent

similar scoringsolutions.However, no shortor evenlong
pathbetweenthemneedexist for sufficiently small � .



Local Search Heuristics

� Random hill climbing (RHC)� Greedy hill climbing (GHC)� Reverse greedy hill climbing (RGHC)� Combined hill climbing (CHC)

We alsoconsiderrandom sampling, which chooses solutions
at randomfrom

�
.



Results: Local Search

ðòñ ÍóÎyô Ä�õ ðìö ÍóÎ ð ô Ä�õ
Algorithm Operations Expected Rank Operations Expected Rank

GHC
ð ¼ � ô ½Òõ�¼ � · ðV÷ ¼ÅºøÄ ð ½ÒõàÄ ð ð · ô ½ÒõàºøÄ�õ ÷gù.ð õàÄ�· ùÀð$÷gú × º

RHC ¼ � Ü × ô ½Òõ�¼ �.�Ø× ¼�· ô ½Èõ�º§Ä�õ ÷gùÀð õàÄ�· ùÀð$÷gú � º
RGHC

ð ¼ � ô ½ÒõÊ·û¼ � Ü × ½¿¾ÀºøÄ ð ð � · ô ÷ õàºÖÄ�¼�õ ÷gùÀð � Ä�¼ ¼�õ�Ä�· ð$÷gú Ù º
CHC ¼ � Ü × ô ½Òõ�¼ �.�Ø× ¼�· ô ½Èõ�º§Ä�õ ÷gùÀð õàÄ�· ùÀð$÷gú × º



Backtracking Procedures

� Greedy hill climbing with backtracking (GBT)� Random hill climbing with backtracking (RBT)� Reverse-greedy hill climbing with backtracking (RGBT)� Combined hill climbing with backtracking (CBT)



Results: Backtracking Procedures

ðòñ ÍóÎ · ô Ä�õàº§Ä.ü ðìö ÍóÎuô Ä�õ , ývþÿ¼�· ô ½ÒõàºøÄ�õ
Algorithm Operations ExpectedRank Operations ExpectedRank

GBT ¼ � Ü × ÷gð üI¼ � ô ½Ñõ�¼ �À�Ø× ½Òü�õÊ·û¼ � ·�¾j½È¼ÅÄ ð º5½g¾ÀÄ�¼Åº ý ÷gùÀð ·¹ü ÷ ¾Àº ÷¿ð ü õàÄ�· ù.ð ·¹ü ÷ ¾Àºøº
RGBT ¼ � Ü × ÷gð üI¼ � ô ½Èõ®¼ �.�Ø× ½Ã·¹ü�õàÄ�¼Åº®·û¼ � Ü × ½¿¾Àº ý ÷ üR· ùÀð � ÷ ¾Àº ¼�õàÄ�· ð ·¹ü ÷ ¾Àºøº
RBT ¼ � Ü × ·¹ü ÷ ¾Àº ô ½ÒõÊ·û¼ �.�Ø× ·¹ü ÷ ¾Àº5½ÑüIÄ�¼Åº ý ÷gù.ð ·¹ü ÷ ¾Àº ÷ ¼�ü õàÄ�· ù.ð ·¹ü ÷ ¾Àºøº
CBT ¼ � Ü × ·¹ü ÷ ¾Àº ô ½ÒõÊ·û¼ �.�Ø× ·¹ü ÷ ¾Àº5½ÑüIÄ�¼Åº ý ÷gùÀð ·¹ü ÷ ¾Àº ÷¿ð ü õàÄ�· ù.ð ·¹ü ÷ ¾Àºøº
RHC ü��ó¼ � Ü × ô ½Ò¼ � · õ ÷ ¾Àº ü�� ·¹ý ÷gùÀð º õàÄ�· ùÀð ü���º



Results: Making Best Use of Time

Hill climbing heuristicsmake rapid initial progress toward
improved solutions,but terminatequickly andthusdonotuse
largeamountsof search timeeffectively.

Allotted Time
ðòñ ÍóÎ · ô Ä�õàºøÄ.ü ÍóÎ · ô Ä�õàºøÄ.ü � ðòñ ÍÏÎuô Ä�õ ÍÏÎuô Ä�õ � ð

� ñ ÐÓ· ô ½ÒõàºøÄ�õ random sampling randomsampling random samplingÐÓ· ô ½Èõ�ºøÄ�õ � � ñ ÐÓ· ô ½Èõ�ºøÄ�õ ÷ ü random sampling randomsampling backtrackingÐÓ· ô ½ÒõàºøÄ�õ ÷ ü � �
random sampling backtracking backtracking



Experimental Results

Randomsamplingdoesbetter than hill-climbing for suffi-
ciently shortcomputations.
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Our experiments grossly confirm this and several other
predictionsof thismodel.
Our theory breaks down on greedy backtracking, mostly
becausewe assumeundirectedneighborhoods.



Building a General Heuristic Search Engine

Thebasicsimulatedannealingsearch algorithmcanbeimple-
mentedin roughly 30-50lines of any modernprogramming
language, so it is often rewritten from scratchfor each new
applicationratherthanbeingreused.
Doesit payto developa moresophisticated,general-purpose
local-search-optimization engine?
Thecasefor well-engineeredoptimizationengineshasclearly
been made for linear programming, where commercial
LP packages (such as CPLEX) significantly outperform
homegrown implementationsof thesimplex algorithm.



Rationale for a General Search Engine

Many benefits of a general searchsystem can result by
amortizingthe costof building an infrastructureover many
problems.
� Awareness of Time� Inclusion of Multiple Heuristics� Parameter Tuning� Testing and Evaluation Environment� Visualization Environment� Support for Parallelism



Performance Improvements

Problem Heuristic 1 5 10 15 20 25 30 45 60 90 120

VertCover Early Version 2299 2260 2315 642 654 644 650 641 643 598 586
Combination 648 1100 571 554 541 546 528 531 521 521 523

Bandwidth Early Version 1970 604 616 611 603 595 622 620 609 595 602
Combination 693 633 620 614 615 613 609 607 608 603 602

MaxCut Early Version 3972 3972 3972 3972 3972 3969 3972 3972 3885 1373 1349
Combination 3972 1401 1385 1346 1462 1452 1441 1971 1689 1276 1240

SCS Early Version 3630 3688 1152 1158 1225 1120 1035 1013 994 902 982
Combination 1538 614 596 570 562 544 541 515 505 502 505

TSP Early Version 5101 1043 846 730 642 687 568 551 508 577 504
Combination 1133 933 633 472 411 406 397 378 381 375 374

MaxSat Early Version 27725 572 705 735 533 403 518 344 518 352 318
Combination 912 636 359 465 503 398 374 262 206 255 236

A comparisonbetween early (6 months old) and recent
versionsof thesystem.



Future Work

Use combinatorialdominanceto analyze more heuristics,
with tigherbounds.
Considercomplexity-theoreticnotionslike randomizeddom-
inanceguaranteesandpolynomialprogress.
Analyzesymmetricrandomgraphs,with variousedgelength
distributions.
Make our search enginebetterandmoreportable.



For Further Reading


