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Abstract

Designing dominant-strategy incentive compatible (DSIC) mechanisms to generate (approx-
imately) optimal revenue is a fundamental problem in Bayesian mechanism design. However,
most existing studies assume that the seller knows the entire distribution. Unfortunately, this
assumption may not hold in reality: for example, when the distributions have exponentially
large supports or do not have succinct representations. In this work we consider, for the first
time, the query complexity of Bayesian mechanisms. The seller only has limited oracle accesses
to the players’ distributions, via quantile queries and value queries. We prove logarithmic lower-
bounds for any constant approximation DSIC mechanisms in a large class of auction settings.
For single-item auctions and multi-item auctions with unit-demand or additive valuation func-
tions, we prove tight upper-bounds via efficient query schemes. Thus, in those settings the seller
needs to access much less than the entire distribution to achieve approximately optimal revenue.
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1 Introduction

An important problem in Bayesian mechanism design is to design auctions that (approximately)
maximize the seller’s expected revenue. More precisely, in a Bayesian multi-item auction a seller
has m heterogenous items to sell to n players. Each player i has a private value for each item j, v;;;
and each v;; is independently drawn from some prior distribution D;;. When the prior distribution
DE X i;D;j is of common knowledge to both the seller and the players, optimal Bayesian incentive-
compatible (BIC) mechanisms have been discovered for various auction settings [311 16l [7, [§], where
all players reporting their true values forms a Bayesian Nash equilibrium. When there is no common
prior but the seller knows D, many (approximately) optimal dominant-strategy incentive-compatible
(DSIC) Bayesian mechanisms have been designed [31 B2, 12, 291 35 O], where it is each player’s
dominant strategy to report his true values.

However, the complexity for the seller to carry out such mechanisms is largely unconsidered in
the literature. Most existing Bayesian mechanisms require that the seller has full access to the prior
distribution D and is able to carry out all required optimizations based on D, so as to compute
the allocation and the prices. Unfortunately the seller may not be so knowledgeable or powerful in
real-world scenarios. If the supports of the distributions are exponentially large (in m and n), or if
the distributions are continuous and do not have succinct representations, it is hard for the seller
to write out “each single bit” of the distributions or precisely carry out arbitrary optimization tasks
based on them. Even with a single player and a single item, when the value distribution is irregular,
computing the optimal price in time that is much smaller than the size of the support is not an easy
task. Thus, a natural and important question to ask is how much the seller should know about the
distributions in order to obtain approximately optimal revenue.

In this work we consider, for the first time, the query complexity of Bayesian mechanisms. In
particular, the seller can only access the distributions by making oracle queries. Two natural types
of queries are allowed, quantile queries and value queries. That is, the seller queries the oracle with
specific quantiles (respectively, values), and the oracle returns the corresponding values (respectively,
quantiles) in the underlying distributions. These two types of queries happen a lot in market study.
Indeed, the seller may wish to know what is the price he should set so that half of the consumers
would purchase his product; or if he sets the price to be 200 dollars, how many consumers would
buy it. Another important scenario where such queries naturally come up is in databases. Indeed,
although the seller may not know the distribution, some powerful institutes, say the Office for
National Statistics, may have such information figured out and stored in its database. As in most
database applications, it may be neither necessary nor feasible for the seller to download the whole
distribution to his local machines. Rather, he would like to access the distribution via queries to
the database. Other types of queries are of course possible, and will be considered in future works.

In this work we focus on non-adaptive queries. That is, the seller makes all oracle queries simulta-
neously, before the auction starts. This is also natural in both database and market study scenarios,
and in Section Bl we will show that the performance of adaptive queries cannot be improved up to
a logarithmic factor.

1.1 Main Results

We would like to understand both lower- and upper-bounds for the query complexity of approxi-
mately optimal Bayesian auctions. In this work, we mainly consider three widely studied settings:
single-item auctions and multi-item auctions with unit-demand or additive valuation functions. Our
main results are summarized in Table [II

Note that we allow arbitrary unbounded distributions that satisfy small-tail assumptions, with



formal definitions provided in Section Bl Similar assumptions are widely adopted in sampling
mechanisms [33] 18], to deal with irregular distributions with unbounded supports. Since distri-
butions with bounded supports automatically satisfy the small-tail assumptions, the lower-bounds
listed for the former apply to the latter as well.

Query Distributions
Complexity Bounded in [1, H] Unbounded & Small Tail
| Single-Ttem O(ne!log H) O(—ne"log h( (1+E))
g Unit-Demand | Ve > 1: Q(m’folgch) Ve > 24: O(fgg(lo%g) Ve > 24: O(—%)
2| Additive | Ve> 1 QB | ve> 8 O(Ed) | Ve > 8: 0(—%&@)
Single-Item Regular Distributions: Q(ne™'), O(ne !log2)

Table 1: Our main results. Here h(-) < 1 is the tail function in the small-tail assumptions. For
single-item auctions, the revenue is a (1 + €)-approximation to the optimal BIC revenue, with €
sufficiently small. For multi-item auctions with unit-demand or additive valuation functions, the
revenue is a c-approximation for some constant c.

Also note that our lower- and upper-bounds on query complexity are tight for bounded distri-
butions. As will become clear in Section Bl our lower-bounds allow the seller to make both value
and quantile queries, and apply to any multi-player multi-item auctions where each player’s valua-
tion function is succinct sub-additive: formal definitions in Section Bl The lower-bounds also allow
randomized queries and randomized mechanisms.

For the upper-bounds, all our query schemes are deterministic and only make one type of queries:
value queries for bounded distributions and quantile queries in the other cases; see Sections M and
Bl We show that our schemes, despite of being very efficient, only loses a small fraction of revenue
compared with when the seller has full access to the distributions.

1.2 Discussions

Sample Complexity. A closely related area to our work is sampling mechanisms [15], [3], 28],
(19, 30, 18, 211, 221 [6]. It assumes that the seller does not know D but observes independent samples
from D before the auction begins. The sample complexity measures how many samples the seller
needs so as to obtain a good approximation to the optimal Bayesian revenue. The best-known
sample complexity results are summarized in Table 2

Aucti Single-Item Single-Item Unit-Demand Additive
terons (regular) [18] | (bounded) [I8] | (bounded) [30] (bounded)@]
Sample =, 4 ~ —3 ~ 2772 —2 A H2e2

Complexity O(ne™*) O(nHe™?) O(nm*H?¢*) | O(nm*H*e*)
Approximations 1+e€ 1+e€ 27 32

Table 2: Sample Complexity. When a distribution is bounded, it is bounded within [1, H]. For
multi-item auctions with unit-demand or additive valuation functions, the revenue has an extra e
additive loss.



Oracle queries can be seen as targeted samples, where the seller actively asks the information
he needs rather than passively learns about it from random samples. As such, it is intuitive that
queries are more efficient than samples, but it is a priori unclear how efficient queries can be. Our
results answer this question quantitatively and show that query complexity can be exponentially
smaller than sample complexity: the former is logarithmic in the “size” of the distributions, while
the latter is polynomial.

Finally, the design of query mechanisms facilitates the design of sampling mechanisms. If the
seller observes enough samples from D, then he can mimic quantile queries and apply query mech-
anisms: see Section [7 for more details.

Parametric Auctions. Parametric mechanisms [2] [I] assume the seller only knows some
specific parameters about the distributions, such as the mean, the median (or a single quantile),
and the variance. Note that using quantile or value queries, one can get the exact value of the
median and the approximate value of the mean, and then apply parametric mechanisms. However,
existing parametric mechanisms only consider single-parameter auctions, where the distributions
are regular or have monotone hazard rate. Since our mechanisms make non-adaptive oracle queries,
our results imply parametric mechanisms in multi-parameter settings with general distributions,
where the “parameters” are the oracle’s answers to our query schemes. Our lower-bounds imply
that knowing only the median is not enough to achieve the same approximation ratios as we do.
Finally, it remains unknown whether constant approximations can be achieved for multi-parameter
auctions or general distributions, knowing only the mean and the variance.

Distributions within Bounded Distance. Recently, [6] studies auctions where the true
prior distribution is unknown to the seller, but he is given a distribution that is close to the true
prior, as measured by the Kolmogorov distance. On the one hand, the learnt distributions from
our query schemes can be far from the true prior in terms of the Kolmogorov distance, thus their
mechanisms do not apply. On the other hand, although a distribution close to the true prior may
be learnt via sufficiently many oracle queries, our lower-bounds imply that the query complexity of
this approach will not be better than ours.

Using Experts as Oracles. If the players’ value distributions are known by some experts,
then the seller can use the experts as oracles. Indeed, we are able to design proper scoring rules
[5, 1] for the seller to elicit truthful answers from the experts for his queries. If the experts are
actually players in the auctions, then they have their own stakes about the final allocation and
prices, and it would be interesting to see how the seller can still use them as oracles and get truthful
answers for his queries, while keeping them truthful about their own values. See [I4] for more
discussions on this front.

1.3 Other Related Works

The complexity of auctions is an important topic in the literature, and several complexity measures
have been considered. Following the taxation principle [24] 23], [26] defines the menu complexity
of truthful auctions. For a single additive buyer, [I7] shows the optimal Bayesian auction for
revenue can have an infinite menu size or a continuum of menu entries, and [4] shows a constant
approximation under finite menu complexity. Recently, [20] considers the taxation, communication,
query and menu complexities of truthful combinatorial auctions, and shows important connections
among them. The queries considered there are totally different from ours: we are concerned with the



complexity of accessing the players’ value distributions in Bayesian settings, while [20] is concerned
with the complexity of accessing the players’ valuation functions in non-Bayesian settings.

1.4 Future Directions

Many interesting questions about the query complexity of Bayesian auctions are worth exploring.
First, as mentioned, there is a logarithmic gap between adaptive queries and non-adaptive queries
for multi-item auctions. It is intriguing to design approximately optimal Bayesian mechanisms
with matching query complexity using adaptive queries. Another interesting direction is when the
answers of the oracle contain noise. In this case, the distributions learnt by the seller may be within
a small distance from the “true distributions” defined by oracle answers without noise. This is
related to [6] and it would be interesting to design mechanisms to handle such noise.

2 Preliminaries

2.1 Bayesian Auctions

In a multi-item auction there are m items, denoted by M = {1,...,m}, and n players, denoted
by N = {1,...,n}. Each player i € N has a non-negative value for each item j € M, v;j,
which is independently drawn from distribution D;;. Player i’s true valuation is (vij)jefm). To
simplify the notations, we may write v; for (v;;);ec[m) and v for (v;);cjn). Letting D; = X jepD;; and
D = XijenD;, we use Z = (N, M, D) to denote the corresponding Bayesian auction instance and
OPT(Z) the optimal BIC revenue of Z. When 7 is clear from the context, we write OPT for short.

We will consider several classes of widely studied auctions. A single-item auction has m = 1.
When m > 1, a bidder ¢ being unit-demand means his value for a subset S of items is max;eg v;j,
and a bidder i being additive means his value for S is ;g v;;. When all bidders are unit-demand
(respectively, additive), we call such an auction a wunit-demand auction (respectively, an additive
auction) for short.

2.2 Query Complexity

In this work, we only allow the seller to access the prior distributions via two types of oracle queries:
value queries and quantile queries. Given a distribution D over reals, in a value query, the seller
sends a value v € R and the oracle returns the corresponding quantile ¢(v) £ Pryop[z > v]. In a
quantile query, the seller sends a quantile ¢ € [0,1] and the oracle returns the corresponding value
v(q) such that Pry.p[z > v(q)] = q. With non-adaptive queries, the seller first sends all his queries
to the oracle, gets the answers back, and then runs the auction. The query complezity is the number
of queries made by the seller.

Note that the answer to a value query is unique. The quantile queries are a bit tricky, as
for discrete distributions there may be multiple values corresponding to the same quantile ¢, or
there may be none. When there are multiple values, to resolve the ambiguity, let the output
of the oracle be the largest one: that is, v(q) = argmax, {Pr,.p[r > z] = ¢}. When there is
no value corresponding to ¢, the oracle returns the largest value whose corresponding quantile
is larger than ¢: that is, v(¢) = argmax,{Pry.p[r > z] > ¢}. So for any quantile query ¢,
v(q) = argmax,{Pr,.p[r > z] > ¢} in general. For any discrete distribution D and quantile query
q > 0, v(q) is always in the support of D. When g = 0, v(q) may be +oc.



3 Lower Bounds

In this section, we prove lower bounds for the query complexity of Bayesian mechanisms, and we
focus on DSIC mechanisms. As a building block for our general lower bound, we first have the
following for single-item single-player auctions. Note that although the main focus of this paper
is about non-adaptive queries, here we prove a stronger result by showing that even with adaptive
queries, our bounds for single-item single-player auctions are still tight. Formally, we have the
following lemma.

Lemma 1. For any constant ¢ > 1, there exists a constant C such that, for any large enough H,
any Bayesian mechanism M making less than Clog, H adaptive value and quantile queries to the
oracle, there erists a single-player single-item Bayesian auction instance T = (N, M, D) where the
values are bounded in [1, H|, such that Rev(M(Z)) < OPfT(I),

Proof. Here we consider the equal revenue curve, i.e., F(v) =1— 1 v €[1,H) and F(H) = 1. For
this distribution, posting any price from [1, H| has exactly the same revenue 1. For any constant
H, let k = L% 10g 4¢)tet2 H|. We divide the value interval [1, H] into k + 1 sub-intervals as follows:
from right to left, up = H, and us; = (412)5% for each s € {k —1,...,0}. For each value interval

11
us? Us+1 )
For each value s € {k—1,...,0}, consider pair of interval (us,usy1) and (gs, gs+1), we construct

[[4c]] distributions for it. More precisely, the distribution Df for each z € [[4c]] is defined as
follows. For v, < ug or usy1 < v, < H, the density of v, is v% The probability of v, = H is %

(us,ust1), there exists a corresponding quantile interval (gs, gs11) = (

The probability of (4¢)%us 1S gs+1 — ¢s-

By construction, given parameter s, all [[4c]] distributions coincide outside the value and quan-
tile range (ug, us4+1) and (gs, gs+1). Therefore, only a query inside the range can distinguish those
distributions from each other. Moreover, for any two parameter s,s" € {k—1,...,0}, the value and
quantile queries will get the exactly same response for queries outside their own value and quantile
intervals. Thus, for any adaptive value and quantile queries, a single query can distinguish at most
one set of [[4c]] distributions. Letting ¢ £ 1— 45 and C' £ STic Jé)_lf)lgc( 9 = Totie +21) Tog(1y» e have
Clog, H < k(1 — ). Accordingly, for any Bayesian mechanism M that makes less than Clog,. H
adaptive value and quantile queries, there exists a value s such that, with probability at least ¢/, M
cannot distinguish D:’s from each other.

We now analyze the optimal BIC revenue for those instances. For any Z, = (N, M, D,), My-
erson’s mechanism is optimal: it sets a (randomized) threshold for the unique player, if the player
bids at least the threshold then he gets the item and pays the threshold payment, otherwise the
item is unsold. It is not hard to verify that OPT(Z,) = (4¢)*usqs+1 for each Z,.

Next, we analyze the revenue of M. Since M is DSIC, the allocation rule must be monotone
in the player’s bid, and he will pay the threshold payment set by M, denoted by P. Here P may
also be randomized. Note that for all instances, setting P < 4cus is strictly worse than setting
P = 4cu,, and setting P > (4¢)[*“lu, is strictly worse than setting P = (4¢)/*lug < ugyq. Also, for
any instance Z, and any 2’ € {1,..., [4c] — 1}, setting P € ((4¢)* us, (4c)* Tluy) is strictly worse
than setting P = (4c)zl+1us. Thus, when mechanism M cannot distinguish the Z,’s, it must use
the same P for all Z,’s, and the best it can do is to set P = (4¢)*us with some probability p, for
each z € [[4c]]. Because 3,7 P2 = 1, there exists z* such that p.» < +. Thus we have

1 . 1
Rev(M(Z,+)) < e (4¢)* ~us-qse1+ (1 — 4_0)(46) Lo Qsi1
1 * 1
— - (4¢)® -ug - Qo1 = —OPT(L,+),
< % (4c)* - us - qsp1 200 (Z.+)

5



where the first inequality is because for any threshold other than (4c)* ug, the resulting expected
revenue is no larger than that with the threshold being (4c)* ~'u,. That is, when M cannot
distinguish the Z.’s, it cannot be a 2c-approximation for Z,«.

As the revenue of M under Z,- is at most OPT(Z,+) when it is able to distinguish Z,» from all
the other instances, we have

1.1 1 1
Z.-)) <(1——=—)=—OPT(Z,)+ —OPT(L, ~OPT(ZL,+).
Reo(M(T.)) < (1 - 5 )5 OPT(L.) + 5 _OPT(T..) < OPT(L..)
Thus M is not a c-approximation for Z,«, and Lemma [I] holds. O

We extend this lemma to arbitrary multi-player multi-item Bayesian auctions with succinct sub-
additive valuations, as follows. To make our exposition clearer, we first introduce some notations. A
very broad class of Bayesian auctions, (monotone) sub-additive auctions, is such that each player i
has a valuation function v; : 2™ — R, which satisfies v;(S) + v;(T) > v;(SUT) > v;(S) > 0 for
any subsets of items S and T'. As such a valuation function in general needs 2" values to describe,
following the conventions in Bayesian auction design [34] [I3] 10], we will consider succinct sub-
additive auctions, where only the item-values, that is, the v;;’s, are independently drawn from the
underlying distribution D = X;c[n] je[m)Pij- Given (vij)je[m), it is publicly known how to compute
player ¢’s value for any subset of items. That is, the valuation function v; now takes a vector
of item-values (vij)jecmm) and a subset S C [m] as inputs, such that for any vector (vij);ecm], the
resulting function v;((vij)jejm], ) is sub-additive and v;((vij)jem), {7}) = vij for each item j. Note
that such auctions include single-item, unit-demand and additive auctions as special cases.

Theorem 1. For any constant ¢ > 1, there exists a constant C' such that, for any n > 1,m > 1,
for any large enough H, any monotone sub-additive valuation function profile v = (v;);c[n), and any
Bayesian mechanism M making less than Cnmlog,, 1, g H adaptive value and quantile queries to the
oracle, there exists a multi-item Bayesian auction instance T = (N, M, D), where |[N| = n,|M|=m

and the values are bounded in [1, H|, such that Rev(M(Z)) < OPT(I)

C

Proof. Similar to the proof of Lemmalll for any H, let k = L% 10g (4eq)te+2 H |, where x is a parameter

to be determined later. Let C’ £ 240(4c+2)110g ) and H be large enough so that £ > 1. We
divide the value interval [1, H]| into k + 1 sub-intervals as follows: from right to left, u, = H,
and ug = (4;;)% for each s € {k —1,...,0}. For each value interval (us,us41), there exists a

corresponding quantile interval (qs, gsi1) = (u—i, u51+1 ).

It is easy to see that C'nmlog, H < "gzk Thus, for any Bayesian mechanism M making less
than C'nmlog, H adaptive value and quantile queries, with probability at least 1 — i, there exists
a player-item pair (i*,j*), a value interval (us, us+1) with corresponding quantile interval (gs, ¢s+1)
such that M does not query these two intervals for D;-;+ and does not distinguishes D7 .. ’s from
each other.

Therefore, for each i € [n],j € [m],s € [k], we construct [4c| Bayesian instances {Z* =
(N, M,D?)}.¢[r4c]), Where each Df; is equal revenue distribution if ¢ # ¢* or j # j*. For any
z € [[4¢]], we construct the distribution D7, . such that for v, < us or usy; < v, < H, the density

17;8

of v, is Ulz The probability of v, = H is % The probability of (4cz)?us is gs+1 — ¢s. All distribu-
tions other than D;; are equal revenue distribution. For any queries outside the interval (ug,us41)
and (gs,@s+1), it cannot distinguish those instances. Thus, with less than Cnmlog. H adaptive
value and quantile queries, with probability at least 1 — i, the mechanism cannot distinguish those
instances from each other.



We now analyze the optimal BIC revenue for those instances. For any Z,, Myerson’s mechanism
is optimal: it sets a (randomized) threshold for the unique player, if the player bids at least the
threshold then he gets the item and pays the threshold payment, otherwise the item is unsold.
Letting 6 £ 2, it is not hard to verify that OPT(Z.) = (4cz)?usqs for each Z..

Given any succinct sub-additive valuation function profile v = (v;);e,) Where each v; takes a
vector of item-values (v;;)je[m) as part of its input, we would like to compare the optimal revenue for
the sub-additive instances defined by the Z?’s with the corresponding expected revenue of M. By
construction, the D*’s differ only at the DJ .’s, within the value interval (us, ust1) and the quantile
interval (gs,gs+1). Accordingly, with probability at least 1 — ic, mechanism M cannot distinguish
the Z#’s from each other. Eventually, we will analyze the revenue of M conditional on this event

happening.
For now, to compare the optimal revenue and that of M, let us first introduce some notations.
For any item-value profile & = (9ij)ic[n] je[m], When the players bid ©, we denote by w;(9) the

(randomized) allocation of M to a player i. It is defined by the probabilities o;5(0) for all the
subsets S C [m]: each 0;5(0) is the probability that player i receives S under bid v. Accordingly,
the expected value of player i for allocation x;(0) is v;((9i)) jem, Ti(0)) = > vi((Vij) jefm)» S)-0is (D).
Moreover, for each item j, let x;;(0) be the probability that player i receives item j according to
z;(0): that is, 2;;(0) = > 5. ;e 5 0is(D).

We upper-bound the revenue of M in three steps. To begin with, we reduce the multi-player sub-
additive instances to single-player sub-additive instances, and construct a DSIC Bayesian mechanism
M* that only sells the items to player ¢*. Given any instance Z?, mechanism M* runs on the
single-player sub-additive instance Z% = ({i*}, M, DZ). It first simulates the item values of players
in N\ {¢*}, which are all 1’s, and then runs M. Mechanism M* answers the oracle queries of M
truthfully. The allocation and the payment for player ¢* under M* is the same as those under M.
For any player ¢ # i*, mechanism M?* assigns nothing to him and charges him 0, because i is an
imaginary player to M™*. It is easy to see that mechanism M* is DSIC. Moreover,

Rev(M*(Z}.)) > Revo(M(T?)) = Boupz > 0i((045) jefm] 2:(0)), (1)
iF#i*
because the revenue generated by M from players in N \ {i*} is at most their total value for the
allocation.

Next, we reduce the single-player sub-additive instances to single-player additive instances, and
construct a DSIC Bayesian mechanism M™ that runs on the single-player additive instances I;CZ =
({i*}, M, D), with z € [[4c]]. Note that each Z;}* has the same item-value distributions as Z7%,
but player i*’s value for any subset of items is additive.

For each single-player sub-additive instance defined by Z7% and the valuation function profile v,
by the taxation principle [23], mechanism M* is equivalent to providing a menu of options to player
7* and then letting ¢* choose a menu entry maximizing his expected utility according to his true
valuation. Given any instance IZ.";Z , mechanism M™ provides the same menu as mechanism M?*
under Z7 and v, except that the payment in each entry is discounted by a multiplicative 1 — €. Here
€ is a sufficiently small constant in (0,1) to be determined later in the analysis. The truthfulness
of M™ is immediate, because it lets i* choose a menu entry maximizing his expected utility under
his true additive values. Let

§ £ Eg,.p- max O ey — v (B35 jegm)> S))

the expected maximum difference between the additive values and the succinct sub-additive values.
Following Lemma 3.4 in [34], which compares the revenue in the sub-additive instance with that in



the corresponding additive instance, we have
Reo(M* (T}7)) > (1 — &)(Reo(M" (I})) - §/¢). (2)

Finally, we reduce the single-player additive instances to single-player single-item instances, and
construct a DSIC Bayesian mechanism M’ that only sells item j* to player i*. Mechanism M’
runs on the single-player single-item instances Z7 ;. = ({i*}, {j*}, Dj;+), with 2 € [[4c]]. Given
any Z7 ., it first lets player ¢* report ©;-;-. Then it simulates the 0;+;’s from D for j # j*, which
are all 1’s, and runs M™ on the augmented additive instance Z;t* to obtain allocation z (9+) and
payment pit (0i+). For each item j, let :17;'; j(f)i*) be the probability that player i* receives item j in
the allocation. Mechanism M’ sets its outcome to be the following:

° xg*](ﬁz*]) = a:?;j*(f)p); and

® Dh(Oij+) = D (D) = D jcmp\ gy Vi i (Dir)-

Note that pl.(9;+j+) may be negative. By Lemma 21 of [25], mechanism M’ is DSIC and

Rev(M'(Z7.)) = Rev(MF(Z17) = Y Bay. oz, i (3)
J#£5*

Now we combine the above three reduction steps together and consider the event when mecha-
nism M cannot distinguish the Z%’s from each other. When this happens, mechanism M produces
the same outcome for all the instances. Accordingly, although mechanism M* is given the distri-
butions D7, by simulating M, it still produces the same outcome for all the Z3’s, thus the same
menu for all of them. So mechanism M™ also produces the same menu for all the Iii' #’s: that is, the
menu produced by M* with the payments discounted by 1 — €. As a result, although mechanism
M’ is given the D% j+'s, 1t still cannot “distinguish” the 77 .."s from each other and produces the
same outcome for all of them. Using the similar argument 1n the proof of Lemma [I in this case
there exists z* € [[4c]] such that

* 1 *
Combining this inequality with Equations [Il 2l and B we have

Rev(M(T7")) < Rev(M*(ZZ)) + Eyuper Y vil (835 jefm), 7i(0))

i
Rev(MH (7)) - . N .
< 1_¢ +5/€+Eﬁ,\/pz* Z'Uz((vm)]e[m}yxz(v))
iAi*
1 i X A
S 1_ é REU(M/(Ii* + Z EU - NDz* Uz i + 5/6 + E ~D=* Z ((,UZJ)]G[m}v‘/EZ(,U))
J#5* 1£L*
1 i, ) )
< - QCOPT(I + Z Ev . NDZ* Vo i+ 5/6 —I—E ~D=* Z ((Uij)je[m]yl‘i(v))- (4)
E i

Note that OPT(IZ-Z%-*) < OPT(Z?"), since selling a single item to a single player is a feasible
outcome. Moreover, since Df; is constantly 1 when i # ¢* or j # j*, and since the valuation function



profile v is succinct sub-additive, we have

i
. mln H
0/€ =~ D= géax va—vl Vi*j)jeim]» S)) —,
i [m] €
jeSs
EﬁNDZ* Zvi((%])ye[mbxl( )) <mlnH.

iEi*
Here the second equation is because }.cq®ij — vi=((Di%))je(m), S) < Z]G[ U;+j for any 0;« and
S. The third equation is because 3, s vi((0ij) jepm]s Ti(0)) < D2; D e Tij (@)  for any ©0: indeed,
each item can be sold to at most one player, generatmg expected value In H.
Combining the equations above with Equation [ we have

* 1 * l
Reo(M(I*)) < 1—(5-OPT(Z") + (m— 1) n H) + min A .
Setting € = %, we have
c2 o 19mlnH
Reo(M(T¥)) < - OPT(T*) + ‘C””T“ (5)

Now we combine Equation [ with the probability that M cannot distinguish the Z%’s. As
OPT(Z*") > 4cx, when a > 5melnfl ' we have OPT(Z%") > 3m - ¢® - In H and

, 1.2 " 19 In H 1 . 1 .
7)) < (1 — —)(—OPT(T? - —OPT(T7 —OPT(Z7).
Reo(M(T™) < (1 - ) (- OPT(Z") + 0 4 LOPT(T™) < ~OPT(T*)

Letting C' = chﬂ)’ which is a constant with respect to ¢, we have Cnmlog,,, g H < C'nmlog, H.
Thus finishes the proof of Theorem [Tl O

When there are multiple items to sell, for non-adaptive queries, we can make some changes
to the constructed distributions to improve the query complexity bound. Formally, consider the
[4c] Bayesian instances {Z% = (N, M, D?)}.¢[r4¢)) that are indistinguishable using only C'nm log, H
non-adaptive queries. Here for i # i* or j # j*, Dj; is the distribution that is constantly 1. For
distribution D ., we construct them by shifting them in the interval with no value or quantile
queries, i.e. (us,us+1) and (gs,qs4+1), based on the equal revenue distribution with cumulative

probability function max{0,1 — @} Note that the optimal revenue for those distributions is at

least v H. Applying the same analysis as in Theorem [Il we have the following theorem, with proof
omitted.

Theorem 2. For any constant ¢ > 1, there exists a constant C' such that, for any n > 1,m > 1,
any large enough H, any succinct sub-additive valuation function profile v = (v;)ie[), and any DSIC
Bayesian mechanism M making less than Cnmlog, H non-adaptive value and quantile queries to the
oracle, there exists a multi-item Bayesian auction instance T = (N, M, D) with valuation profile v,
where |N| = n, |M| = m and the item values are bounded in [1, H], such that Rev(M(Z)) < %T(I),

Succinct sub-additive valuations is a very broad class and contains single-item, unit-demand,
and additive auctions as special cases. Thus Theorem [ and B] automatically apply to those cases.
We also note that it is shown in [36] that the optimal BIC revenue exceeds the optimal DSIC
revenue by a constant factor even for two i.i.d. additive bidders and two identical items. So even
with infinite samples, there exist constants ¢ > 1 such that no c-approximation to OPT is possible.
However, Theorem [2] is stronger: for every constant ¢ > 1, one needs at least the given number of
queries to get a c-approximation.



4 The Query Complexity for Bounded Distributions

In this section, we consider settings where all distributions are bounded within [1, H], and we con-
struct efficient query mechanisms whose query complexity matches our lower-bounds. We show that
it is sufficient to use only value queries, and we define in Section E.1] a universal query scheme Ay,
which will be used as a black-box in our mechanisms. The seller uses algorithm Ay to learn a
distribution D' = X;en je MD,,']- that approximates the prior distribution D and is stochastically
dominated by D. The seller then runs existing DSIC Bayesian mechanisms using D’, while the
players’ values are drawn from D. In this sense, all our mechanisms are simple, but they are not
given a true Bayesian instance as input.

The multi-player single-item setting is already non-trivial, but still easy, since we have a good
understanding of the optimal mechanism, which is Myerson’s auction [3I]. In particular, in the
analysis it suffices to apply the revenue monotonicity theorem of [I8]. The situation for unit-
demand auctions and additive auctions is much more subtle. The optimal auction could be very
complicated and may involve lotteries and bundling, and revenue monotonicity may not hold [27].
Even (disregarding complexity issues and) assuming we can design an optimal Bayesian mechanism
for D', it is unclear how much revenue it guarantees when the players’ values come from the true
distribution D. To overcome this difficulty, we rely on recent developments on simple Bayesian
mechanisms with approximately optimal revenue.

The mechanism for unit-demand auctions is sequential post-price [29] and the analysis is rela-
tively easy. For additive auctions, the Bayesian mechanism either runs Myerson’s auction separately
for each item or runs the VCG mechanism with a per-player entry fee [35, [0]. However, an easy and
direct analysis would lose a factor of m in the query complexity. To achieve a tight upper-bound,
we need to really open the box and analyze the mechanism differently in several crucial places,
exploring its behavior under oracle queries.

To sum up, given our query scheme, our mechanisms are black-box reductions to simple Bayesian
mechanisms, thus are simple, natural, and easy to implement in practice, while the analysis is non-
black-box, non-trivial and reveals interesting connections between Bayesian mechanisms and query
schemes.

4.1 The Value-Query Algorithm

The query algorithm Ay is defined in Algorithm [l Here D € A(R) is the distribution to be
queried. The algorithm takes two parameters, the value bound H and the precision factor § > 0,
makes O(log, s H) value queries to the oracle, and then returns a discrete distribution D'. It is
easy to verify that D’ is stochastically dominated by D. Moreover, it is worth mentioning that the
mean of D’ approximates that of D. Indeed, mean(D) = le vdF(v) < Zf:_ol v Priyy < v <
V1] + veD(vg) < (1 +90) Zf:o vD'(v)) = (1 + §)mean(D"). Therefore, by directly applying the
parametric mechanism in [I] with parameter mean(D’) (for single-parameter auctions where the
distributions are regular or MHR), we will get at least a (1 + §) fraction of their revenue.

4.2 Single-Item Auctions and Unit-Demand Auctions

Denoting by Mrrs Myerson’s mechanism for single-item auctions, Mechanism 2] defines our effi-
cient value Myerson mechanism Mgy .

The query complexity of Mgy is O(nlogy, . H), since each distribution D; needs O(log, . H)
value queries in Ay. When ¢ is sufficiently small, O(nlog, . H) ~ O(ne *log H). Also, Mgy s is
DSIC since M spg is so.
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Algorithm 1 The Value-Query Algorithm Ay
Input: The value bound H and the precision factor 4.
1: Let k = [logy s H| and define the value vector as v = (v, v1,...,v5—1,v;) = (1, (1 + ), (1 +
82, (L+ 01 H).
2: Query the oracle for D with v, and receive a non-increasing quantile vector ¢ =
(q(vo), -+ ,q(vk)) = (@)iefo,....ky- Note go = 1.
3: Construct a discrete distribution D’ as follows: D'(v;) = q; — q;+1 for any [ € {0, ..., k}, where
Qr+1 = 0.
Output: Distribution D’.

Mechanism 2 Efficient Value Myerson Mechanism Mgy s
1: Given the value bound H and a constant ¢ > 0, run the value-query algorithm Ay with H
and § = e for each player i’s distribution D;. Denote by D) the returned distribution. Let
D = Xie NDz,' .
2: Run M ps with D’ and the players’ reported values, b = (b;);cn, to get allocation = (z;);en
and price profile p = (p;)ien as the outcome.

In this section and throughout the paper, we often analyze “mismatching” cases where a Bayesian
mechanism M uses distribution D’ while the actual Bayesian instance is Z = (N, M, D) (i.e., the
players’ true values are drawn from D). We use Rev(M(Z;D’)) to denote the expected revenue in
this case. By construction, Rev(Mpgyar(Z)) = Rev(Muyrs(Z;D')).

Because the distribution D’ constructed in Mgy, is stochastically dominated by D, let-
ting Z' = (N, M,D’) be the Bayesian instance under D’; by revenue monotonicity [I8] we have
Rev(Mpirs(Z; D)) > Rev(Mpyrs(Z")). By Lemma 5 of [I8], Rev(Myrs(Z')) > O%TEI). Thus
we have the following simple result.

Theorem 3. Ve > 0, for any single-item instance T = (N, M, D) with values in [1, H], mechanism

Mgy is DSIC, has query complexity O(nlog, . H), and Rev(Mgyvam (L)) > OIHEZ).

The construction for unit-demand auctions is similar, except the seller uses as a blackbox the
DSIC mechanism of [29], denoted by My p: see Mechanism [3

Mechanism 3 Mechanism Mgy p for Unit-Demand Auctions
1: Given H and e > 0, run the value-query algorithm Ay with H and 6 = e for each player i’s
distribution D;; for each item j. Denote by D;; the returned distribution. Let Dj = xjenDj;
and D' = x;enD,.
2: Run Myp with D" and the players’ reported values, b = (b;j)ien jem, to get allocation x =
(xij)ien, jem and price profile p = (p;)ien as the outcome.

The main difficulty for unit-demand auctions is that we no longer have revenue monotonicity as
in single-item auctions. Our analysis then comes in a non-blackbox way and relies on the COPIES
setting [12], 29], which provides an upper-bound for the optimal BIC revenue. By properly upper-
bounding the optimal revenue in the COPIES setting under D’, we are able to upper-bound the
optimal revenue in unit-demand auctions using the expected revenue of Mpgyyp. More precisely,
we have the following theorem.

Theorem 4. Ve > 0, for any unit-demand instance T = (N, M, D) with values in [1, H|, mechanism
OPT(T)

Megvup is DSIC, has query complexity O(mnlog, . H), and Rev(Mgyup(Z)) > ST -

11



Before analyzing mechanism Mpgyyp, let us first recall the sequential post-price mechanism
My p. This mechanism processes the players one by one according to an arbitrary order, computes
a price for each player i based on remaining items, remaining players and the prior distribution,
and lets i choose his utility-maximizing item (or choose none). The revenue of this mechanism is
analyzed by reducing the unit-demand instance to the COPIES setting, which we introduce below.

For a unit-demand auction instance Z = (N, M, D), the corresponding COPIES instance is
denoted by Z¢¥ = (N oP per ,D), where each player i € N has m copies and each item j € M
has n copies, and player i’s copy j is only interested in item j’s copy 4, with value v;; drawn
independently from D;;. Thus N CP — MCP = N x M, and Z¢" is a single-parameter instance.
Denote by N; the set of player i’s copies and by M; the set of item j’s copies. Note that both
{N;}ien and {M;}jep are partitions of NOF (and M“F). Two natural constraints are imposed on
feasible allocations under the COPIES setting, so as to connect it with the original unit-demand
setting: (1) for each player i, at most one of his copies gets an item; and (2) for each item j, at most
one of its copies gets allocated. Accordingly, letting ¢ be the probability that a feasible mechanism
allocates an item to a player copy s € NP, we have ZseNi qs < 1foreachi € N and EseMj qs <1
for each j € M.

The corresponding mechanism Mgg for the COPIES setting works in the same way as My p,
except that it considers an arbitrary order of the players in N¢ thus different copies of the same
player may not be processed together. When evaluating the performance of mechanism Mgg, the
order of the players is chosen by an online adaptive adversary, who tries to minimize the expected
revenue of the mechanism. Because this adversary is the worst-case for mechanism Mgg,

Reo(Myp(T; D)) > Reo(MER(ICP: D))

for any distribution D’, where the latter is the expected revenue of Mgg under the online adaptive
adversary. Indeed, mechanism Myp can be considered as Mgg under a specific order where all
copies of each player come together, thus the revenue is at least that when the order of N¢7 is
adaptively chosen by the adversary. Now we are ready to prove Theorem Hl

Proof of Theorem[4} It is easy to see that the query complexity of Mgy yp is O(mnlog, . H), since
each distribution D;; needs O(log, . H) value queries. Also, it is immediate that Mgy yp is DSIC.
Below we prove the revenue bound. By construction,

Rev(Mpyvup(Z)) = Rev(Myp(Z; D')). (6)

Let 7/ = (N,M,D’) and T'°" = (NP, M“P D’). We state the following key lemma, which is
proved after the proof of Theorem [l

Lemma 2. Rev(Myp(Z:D')) > Revo(MGH(ZCP: D)) = Rev(MTH(ITCP)).

By Theorem 1 of [29], the sequential post-price mechanism is at least a 6-approximation to the
optimal BIC revenue in the COPIES setting. Thus

Rev(MGE(ZCP)) > %OPT(I’CP). (7)

Next, because the COPIES setting is a single-parameter setting, and because of the way we discretize
the value space in algorithm Ay, by Lemma 5 of [I8] we have

1
1C'P > C'P
OPT(TF) > ——OPT(T"). (8)
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Finally, by Theorem 6 of [9], the optimal BIC revenue in the COPIES setting is a 4-approximation
to the optimal BIC revenue in the original unit-demand setting. Thus

OPT(Z¢F) > %OPT(Z). (9)

Combining Equations [0 [7] B @ and Lemma 2] Theorem @ holds. O

Proof of Lemmal2 The inequality is already explained. Now we prove the equality For any value
profile v ~ D, let v’ be v rounded down to the support of D’. That is, for each v;j;, v ; 1s the largest
value in the support of D’ that is less than or equal to v;;. Recall that the support of D is the set

{vo, -+ , v} as defined in the query algorithm Ay,. By the definition of Dw, for any 0 § I <k-1,

Pr [vj;=u]= Pr [v;>wu]— Pr [v;>wq]=q(v)—q(v) = a—a = Dij(w),
vij~Dij vij~Dij vij~Dij
and
o =l = P [ 2 ] = 0(0) = = D (on)

That is, if v is distributed according to D then v’ is distributed according to D’.

For any value profile v and the corresponding v, arbitrarily fix an order o of the players in N¢,
which is a bijection from {1,--- ,mn} to {1,--- ,mn}. Without loss of generality, each player o(s)
gets the corresponding item o(s) whenever his true value is greater than or equal to the posted price
for him. Below we show that mechanism M » produces the same outcome no matter the players’
true values are v or v'. That is, for any s € {1 ..,mn}, (1) ./\/l p produces the same price p, ()
under v and v’ for player o(s), and (2) vg(s) > Py(s) if and only 1f v o(s) = Pols)-

To prove these two properties, note that by the construction of mechanism ./\/lU p» the price p, (o)
posted to o(s) depends only on the distribution D" and the set Agy(s) of items sold to the players
arriving before o(s). Here Po(s) may be randomized if D(; s) is irregular, but it always takes value
in the support of D/ ) (except that, if selling the corresponding item o(s) to player o(s) is not
feasible anymore, then p, () = +00).

We prove the two desired properties by induction. When s = 1, property (1) trivially holds,
because Ay1) = () under both value profiles. Furthermore, because a realization of Po(1) 1s always
in the support of D:T (1)’ and because v; (1) is vg(1) rounded down to the support of D:T (1)’ property
(2) holds when s = 1.

Now assume (1) and (2) hold for any s < ¢ with ¢ < mn. We show they also hold for s = ¢ + 1.
Indeed, the inductive hypothesis implies that for any s <1, A, is the same under the two value
profiles. In particular, A;(;41) is the same, which means the price Po(t+1) is the same. Thus property

(1) holds. Property (2) also holds because a realization of Po(i+1) 1s always in the support of D! (41"

In sum, for any order o, mechanism M » produces the same outcome under the two value profiles
v and v’, thus the same revenue.

Accordingly, under the online adaptive adversary for (Z¢F; D’), the revenue Rev(MEE (ICF; D))
is the same as the revenue when the players’ true values are obtained by rounding v ~ D to v'.
Because the resulting ¢’ is distributed according to D', Rev(MGE(ZEF;D')) is at least the expected
revenue of MC op under the online adaptive adversary for Z’ P Indeed, a randomized adversary
for Z'“" can simulate the adversary for (Z¢7;D’): in each step, given v, with s € N¢” being the
player in this step, the former first samples v from Dy conditional on vs rounded down to v’, and
then uses the latter to decide which player arrives next. Thus,

Rev(MGE(Z9P: D)) > Rev(M (I’CP)).

13



Similarl
E— CP (+CP. 1y cp (1CP
ReU(MUD(I ;D)) < REU(MUD(I )

Therefore Rev(MEE(ZCF; D)) = Rev(Mgg(I’CP)) and Lemma 2 holds. O

Letting ¢ = 24(1 + €), we have the query complexity in Table [II

4.3 Additive Auctions

For additive auctions, the DSIC Bayesian mechanism in [35, 9] chooses between two mechanisms,
whichever generates higher expected revenue under the true prior D. The first is the “individual My-
erson” mechanism, denoted by M, which sells each item separately using Myerson’s mechanism.
The second is the VCG mechanism with optimal per-player entry fees, denoted by Mpyog.

In our mechanism Mgy 4, the seller queries about D using algorithm Ay with properly chosen
parameters. Given the resulting distribution D’, the seller either runs Mjys or runs Mpyog as
a blackbox, resulting in query mechanisms Mpgyy and Mgeypyog. We only define the latter in
Mechanism @] and the former simply replaces Mpycog with Mpy. Note that Rev(Mpyiv(Z)) =
Rev(Mipy(Z; D)) and Rev(Mpvpvea(Z)) = Rev(Mpyoa(Z; D')). However, the seller cannot
compute these two revenue and choose the better one, because he does not know D. Thus he
randomly chooses between the two, according to probabilities defined in our analysis, to optimize
the approximation ratio. We have the following theorem.

Theorem [ is harder to show. Indeed, one cannot use revenue monotonicity or the COPIES
setting to easily upper-bound the optimal BIC revenue. Our analysis is based on the duality
framework of [9] for Bayesian auctions, properly adapted for the query setting. Finally, letting
¢ = 8(1 + ¢€), we have the query complexity in Table [

Mechanism 4 Mechanism Mgy eyoag to Approximate M gy og via Value Queries

1: Given H and e > 0, run the value-query algorithm Ay with H and § = v/e+ 1 — 1 for each
player i’s distribution D;; for each item j. Denote by DZ’-j the returned distribution. Let
D; = XJEMD;‘Q and D/ = XieND;:.

2: Run Mpycg with D' and the players’ reported values, b = (bij)ien jem, to get allocation
x = (24j)ieN,jem and price profile p = (p;)ien as the outcome.

Theorem 5. Ve > 0, for any additive instance T = (N, M, D) with values in [1, H], mechanism

Mepgva is DSIC, has query complexity O(mnlog,, H), and Rev(Mgyva(T)) > 053(13177;(51))'

Proof. First, it is easy to see that the query complexity of mechanism Mgy 4 is O(mnlog,, s H),
since there are in total mn distributions and each one of them needs O(log, s H) value queries
in the algorithm Ay. Since 6 = ve+1 -1, O(mnlog,,sH) = O(mnlog,, . H). Second, since
mechanisms M pgycog and My are both DSIC, Mgy 4 is DSIC.

Recall that mechanism M gy 4 randomly chooses between running M gy 7y and running M gy pvog.
Therefore, to upper-bound the optimal revenue OPT(Z) using Rev(Mpgy a(Z)), we only need to
upper-bound OPT(Z) using Rev(Mpgyim(Z)) and Rev(MEgypvea(Z)).

As in [9], we only need to consider the prior distribution D with finite support. Let V;; be the
support of D;; for each player i and item j, V; = x;enVij and V = X;enV;. In the optimal BIC
mechanism, when player ¢ bids v;, let m;;(v;) be the probability for him to get item j and p;(v;) be
his expected payment, taken over the randomness of the other players’ values and the randomness
of the mechanism. Let 7 = (m;;(v;))ienN jemvev; and p = (pi(v;))ieNvev;- The pair (7, p) is called
the reduced form (of the optimal BIC mechanism) [7].
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Denote by ¢;;(vi;j) Myerson’s (ironed) virtual value when player i’s value on item j is v;;. For any
value sub-profile v_; of the players other than i, let 3;;(v_;) = maxy; vyr;: that is, the highest bid
on item j excluding player i. Moreover, let r;;(v—;) = max,>g,; (s_,){® Pro;;~p;; [vij > 2]}, ri(v—;) =
Zj rij(v—i), ri = Ey_,~p_,[ri(v—;)], and finally » = . r;. Note that r is the expected revenue by
running the 1-look-ahead mechanism of [32] for each item separately, and r < Rev(My(Z)).

Next, we use a different method from [9] to partition each player i’s value space V; into m + 1
subsets. More precisely, given 6 > 0 and v_;, let Rév’i) ={v; € Vi | vij < (14 0)Bij(v—;),Vj}. For
any v; ¢ R(()U”), let j = argmax{v;; — (1 + 9)B;;(v—;)} with ties broken lexicographically, and add
v; to the set R;U’i): note that v;; — (1+9)3;;(v—;) > 0 in this case. Similar to Theorem 3 of [9], the
optimal BIC revenue can be upper-bounded by the sum of the following terms, where D;(v;) and
D_i(v_;) are respectively the probabilities of v; and v_; under D, and I is the indicator function:

OPT(Z) < Single + Under + Over + Tail + Core, (10)
where
Single = Y~ >~ 3" Dilws) - miy(vi) - Gy(vy) - Pr i€ R,
i vEV; e
Under =Y >N " D(vi) - mi(vi) - D vig - Di(v-i) Ly, (14685 (00)»
ioviEeV; j v_;€V_;
Over =" " "Di(vi) - mij(vi) - Y (14 0)B5(0-)Di(v-i)y; > (1488, (0_0):
i vieV; j v_€V_;
Tail =" > Doi(v) ) > Dij(vi) - (vij — (L4 6)Bi; (v—i))
T v €V J 0> (146) B (v—s)+ri(v_s)
Pr [Bk # o vi — (L4 0)Bi(v—i) 2 vig — (1 +0)Bij (v-i)],
Vi, —j~ i, —j
and

Corezz Z D_i(v_i)z Z Dij(vij)

i v€V I (140)Bij (v—i)<vi; <(146) Bij (v—i)+ri(v—s)
“(vij = (14 0)Bi (v—s)).
In the following, we bound these terms in Inequality separately. Note that when Mgy

uses the value-query algorithm Ay to learn a distribution, the parameters are also set to be H and
0 =+e+1—1. Thus, applying Theorem [l to each item, we have

Rev(Mip(Z)) < (1 +0)Rev(Mpyim(Z)).

For the terms Single, Under, Over and Tail, we are able to upper-bound them using Rev(M gy a(Z)).
Following Lemma 13 of [9], although the term Single has changed from its original form, we still
have

Single = ) >~ Zpi(vi)‘ﬂij(vi)'%(vij)‘U Pr v e R
i UiG‘/i ] -t —t

< RBU(M[M(I)) < (1 +5)R€U(MEV[M(I)). (11)
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Next, using Lemmas 14 and 15 of [9], we upper-bound the term Under as follows:

Under = Y 3 > Di(wi)-mij(vi) - D D-i(v-i) -vij L)oo

i v,V J v_;€V_;
Y Y S Y Do,
i v, eV j v_; €V_;

(uiy<pisoos) + 1o, (0_0) <0y <(140)855 (0-))
SN Di(wi) mii(vi) - >, Doi(v)
i veV; g v_eV_,
(Vi Logy<pijo_i) + (1 +0)Bi(v=i) - Loy >, 0_1))
< Rev(Mip(Z)) + (1 + 8)Rev(Mip(Z)) < 2(1 + 6)*Rev(Mpv i (T)).

IN

The second inequality above is by Lemmas 14 and 15 of [9], which respectively upper-bound the
term Over and the term Under in the original setting. Indeed, we split our term Under into the
sum of the original terms Under and Over. Using the above equation, the approximation ratio to
OPT(Z) will be 9(1 + €) eventually. To get the desired 8(1 + €)-approximation, we prove a variant
of Lemma 15 of [9], which directly upper-bounds our term Under as

Under < (1 + d)Rev(Mip(Z)) < (1 + 5)2R€U(MEV[M(I)). (12)

The actual proof of this alternative lemma is tedious and does not provide new insights to our result,
thus has been omitted.
Next, we upper-bound the term Over:

Over = Y %% Di(v) mij(vi) - Z (1+5)5m’( ~i)Di(v—i) Ly ;> (146)8,5 (v_0)

i v eV, J v_;€V.
< 1 +5 Z Z ZD Uz 72] Z ﬁzy ( )IvijZﬁij(v—i)
i v eV J v_;€V_;
< (1490)Rev( My (Z)) < (1+ 5)2R6’L)(MEV[M(I)). (13)

The second inequality above is by Lemma 14 of [9].
Next, we upper-bound the term Tail, which is similar to the analysis of [9], but with the threshold
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price B;;(v—;) scaled up by a factor of (1 + 9).
Tail = > Y Doy(va)) > Dyj(vi) - (vij — (14 6)Bi; (v—i))
i v €V, J i >(146) B4 (v—i)+ri(v_;)
Pr o [3k # j,vi — (14 0)Bir(v—i) > vij — (1 +0)Bij(v—3)]

vi,—j~Di,—j

< DD D)), > Dij(viz) - (vij — (14 6)Bij(v—))
i v €V, I vig>(140)Bij (v—i)+ri(v—s)
Pr 3k # j,vik — Bir(v—i) = vij — (1 +6)Bi;(v—i)]
i, —j~Di,—j
< > D D) > Dij(vij) - (vij — (14 6)Bij(v-i))
i v_;€V_,; 7 vij>(l+5)ﬁij (v—i)+ri(v_y)
Pr (v > vij — (1 +6)Bi;(v—i) + Bir,(v—4)]
1 Vi ~Dig
< YD D) Z > Dj(vi)
i v eV, I vig>(140)Bij (v—i)+ri(v—;)
Z(”w (L4 0)Bij(v-i) + Bk (v-i)) P% [vir, > vij — (14 6)Bij(v—i) + Bir(v—i)]
1 Vik~ ik
< Z Z D_;i(v—;) Z Z Dij(vij Z”k
1 v_;€V_, J i >(146) B85 (v—i)+ri(v—_;) k=1
= Z Z D—z z Z z( z) Z Dij (Uij)
i v_;€V_; J Vi >(14-0) B35 (v—s)+ri(v_y)
< 0D Do) Y (L4 0)Bi(vs) +7i(v-s))
i v_;€V_,; J
Pr (v > (1+6)Bij(v—) + ri(v—i)]
v ~Dij
< 2> Dailw)domslo) =3 Y Dailv-ni(v) =3
i v_;€V_,; ki i v_;€V_,; 7
= r < Rev(Miy(Z)) < (1+0)Rev(Mpyinm(Z)). (14)

The second inequality above is by union bound. The fourth and sixth inequalities use twice the
definition of r;;(v_;), which sets the optimal price to maximize the expected revenue generated by
selling item j to i. The second equality is by the definition of r;(v_;).

Finally, we upper-bound the term Core. The Core part is the most complicated, and we use
Mpvevee and Mgy together to upper-bound it. To do so, below we rewrite Core into a
different form. Similar to [9], arbitrarily fixing v_; and letting v;; ~ D;;, define the following two
new random variables, which again scale the threshold price ;;(v_;) up by a factor of (14 0):

bij(v—i) = (vij — (1 4 6)Bij (v—i) Lo, > (146)8i; (v_1)
and

Cij(v=i) = bij(v—i)Ip,; (v_) <ri(v_y)-

Core = Z Z D_;(v ZEUHNDW cij (v—i)]-

i v_;€V_;

Therefore, we have
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Letting €;(v—i) = >_; Ev,;~p,;[cij(v—)] — 2ri(v—;), following the proof of Lemma 12 in [9], we still
have

Pr() bij(v—i) = ei(v—y)] =

J

l\’)l}—t

In the following, we use the revenue of mechanisms Mgy pgycog and Mgy rar to bound the Core.
To do so, first note that by the construction of mechanism Mgy pyvog,
Rev(Mgypvea(T)) = Rev(Mpyoa(Z; D).

Let V/; be the support of Dj;, V! = xjenVj;, V! = xienV;. As before, given v; ~ D;, denote by

(VS V’ the value vector obtained by rounding v; down to the support of D.. That is, each vgj is
the largest value in VZ’] that is less than or equal to v;;. Then,

Rev(Mpyoa(Z; D) > > Eu_ap_ Eymp, Rev(Mpyog(v), v D))
Z ELZNDﬁEv;ND;Rev(MBvcg(vg, v_i; D).

The inequality is because each player ¢ can potentially buy item j only when j is in his winning set
(i.e., he is the highest bidder for j), and ¢’s winning set under v} is a subset of his wining set under
v;. Moreover, the entry fee of ¢ is the same under both (v;,v_;) and (v}, v_;), as it only depends on
D} and v_;. Thus the revenue inside the expectation does not increase when v; is replaced by v].
The equality is again because drawing v; from D; and then rounding down to v} is equivalent to
drawing v} from D} directly.

Next, we lower-bound >, E, ,~p_,E,pRev(Mpyca(v;,v_i;; D')). As before, arbitrarily fixing
v—; and letting vj; ~ Dj;, define C

ij>
b;j(v—') = ( = Bij(v-))1 vy 2Big (v—i):

Note that b;j (v—_;) is a random variable that represents player i’s utility in the second price mecha-
nism on item j with value vgj ~ ng, when the other players’ bids are v_; ;. Also note that Mpyca
uses the optimal entry fee for each ¢ with respect to v_; and D’, which generates expected revenue
from i (over D)) greater than or equal to that by using the following entry fee,

ei(v_i)
1446

ei(v—i) =

Now we show player i accepts the entry fee €;(v_;) with probability at least % Indeed, for any v;
and the corresponding v,

'Uij
Zb;j(?f—i) = > (0 = By (w-i))Ly >p,00) = Z(l v Bia=i)ei s
j J

j

1
Z Uzg 1 + 6 /BZ]( ))Ivi]‘Z(l—l—cS)ﬁij(v,i) = 1—5 Z bij(v—i)‘

J J
The inequality is because v o> 1 745, and because 1}:5 > fii(v—;) implies v - > Bij(v—;). Therefore
1 ei(v_;)
b - > Pr[——= ) bjv) >
F o I
1
= UEI,“Dl[Z bij(v-i) > ei(v—q)] = 2



as desired. Thus we have

Rev(Mpyvvea(Z))
> Y By op Eyp Rev(Mpyog(v),v-i; D))
> lz Z D_i(v_;) - ci(v—i)
- 2 : —1 —1 1 + 5
i v, €V_;
1
) Z > Doi(v) ZEUUNDM’ [cij(v—i)] — 2ri(v—i)
1 v_;€V_; J
1 r
= AT T T
That is,
Core < 2(1+0)Rev(Mgyvpvea(T))+2r
< 2(1+9) [Rev(Mgpvevea(Z)) + Rev(MEeyvim(Z))] . (15)

Combining Inequalities [0 [Tl 2] T3] I4] and 5]

OPT(Z) < (1+ 5)2 (2Rev(Mpvevea(Z)) + 6Rev(Mpyviv(Z)))
= (1+¢)(2Rev(Mpypvea(T)) + 6Rev(Mpvin(Z))) .-

Accordingly, by running mechanism Mgy pyog with probability % and mechanism Mgy with
probability %, the expected revenue of mechanism Mgy 4 is

1
Rev(Mpyva(Z)) > WOPT(I)-

This finishes the proof of Theorem [l O

5 The Query Complexity for Unbounded Distributions

Next, we construct efficient query mechanisms for arbitrary distributions whose supports can be un-
bounded. For a mechanism to approximate the optimal Bayesian revenue using finite non-adaptive
queries to such distributions, it is intuitive that some kind of small-tail assumption for the distri-
butions is needed. Indeed, given any mechanism with query complexity C, there always exists a
distribution that has a sufficiently small probability mass around a sufficiently large value, such
that the mechanism cannot find it using C' queries. If this probability mass is where all the revenue
comes (e.g., all the remaining probability mass is around value 0), then the mechanism cannot be a
good approximation to OPT. Following the literature [33] 18], the small-tail assumptions are such
that the expected revenue generated from the “tail” of the distributions is negligible compared to
the optimal revenue; see Section Bl Distributions with bounded supports automatically satisfy
these assumptions, so are regular distributions in single-item auctions.

Even with small-tail assumptions, it is hard to generate good revenue from unbounded distri-
butions with finite value queries. Instead, we show it is sufficient to use only quantile queries. As
before, the seller uses our quantile-query algorithm Ag (defined in Section [(.2) to learn a distri-
bution D’ that approximates D, and then reduces to simple mechanisms under D’. However, even
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for single-item auctions, it is not so simple to show why the combination of these two parts work.
Indeed, under value queries it is easy to “under-price” the item so that the probability of sale is the
same as in the optimal mechanism for D. Under quantile queries, under-pricing may lose a large
amount of revenue because, for given quantiles, there is no guarantee on where the corresponding
values are. Instead, the main idea in using quantile queries is to “over-price” the item. This is
risky in many auction design scenarios, because it may significantly reduce the probability of sale,
and thus lose a lot of revenue. We prove a key technical lemma in Lemma B for single-item auc-
tions, where we show that by discretizing the quantile space properly, we can over-price the item
while almost preserving the probability of sale as in the optimal mechanism under D. In Lemma
[, we prove another technical lemma showing that proper over-pricing can also be done in additive
auctions.

Note that we can get the median of a distribution simply by querying the quantile 1/2. Then, for
single-parameter auctions with regular distributions, using the parametric mechanism in [I] we get
the same revenue as theirs. However, our query mechanisms can handle multi-parameter auctions
and irregular distributions.

5.1 Small-Tail Assumptions

A Bayesian auction instance Z satisfies the Small-Tail Assumption 1 if there exists a function]
h : (0,1) — (0,1) such that, for any constant §; € (0,1) and any BIC mechanism M, letting
€1 = h(d1), we have
UL]-;D 50 j.gij (vij) < Rev(M(v; 7)) < 5;0PT(I). (16)

Here g;;(vij) is the quantile of v;; under distribution D;;, Rev(M(v; 7)) is the revenue of M under
the Bayesian instance Z when the true valuation profile is v, and I is the indicator function. For
discrete distributions, Equation [16]is imposed on the €¢; probability mass over the highest values.

Equation [I6 immediately implies the following weaker Small-Tail Assumption 2: there exists a
function h : (0,1) — (0,1) such that, for any constant §; € (0,1) , letting ¢; = h(d1), we have

ED Iﬂi,j,qij(vij)ﬁslReUOPT(U;I) < 510PT(I) (17)

Here Revopr(v;Z) is the revenue generated by the optimal BIC mechanism for Z when the true
valuation profile is v. Similar assumptions are widely adopted in sampling mechanisms to deal with
irregular distributions with unbounded supports.

5.2 The Quantile-Query Algorithm

We define our quantile-query algorithm A¢ in Algorithm Bl As before, D € A(R) is the distribution
to be queried. The algorithm takes two parameters, the tail length €; and the precision factor 9,
makes O(log s ﬁ) quantile queries to the oracle, and then returns a discrete distribution D’.

5.3 Single-Item Auctions

Mechanism [0l defines our efficient quantile Myerson mechanism Mg .

Theorem 6. Ve > 0, any single-item instance T = (N, M, D) satisfying Small-Tail Assumption 2,

Mpqu s DSIC, has query complexity O(—nlogH% h(ﬁ)), and Rev(Mpom(Z)) > O%EI).

f computation complexity is a concern, then one can further require that the function is efficiently computable.
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Algorithm 5 The Quantile-Query Algorithm Ag
Input: the tail length €¢; and the precision factor 4.
1: Let & = [logys %] and define the quantile vector as ¢ = (qo,q1,---,qk-1,qx) = (1,e1(1 +
5)k_17 SER) 61(1 + 5)7 61)'
2: Query the oracle for D with ¢, and receive a non-decreasing value vector (Ul)le{o,...,k}-

3: Construct a distribution D’ as follows: D’(v;) = q;—q;41 for each [ € {0, ...k}, where qp41 = 0.
Output: Distribution D’.

Mechanism 6 Efficient Quantile Myerson Mechanism M ggar

1: Given € > 0, run algorithm Ag with § = § and ¢; = h(ﬁ) (i.e., 01 = ﬁ for Small Tail
Assumption 2), for each player ¢’s distribution D;. Denote by D} the returned distribution. Let

D, - XiGNDf;'
2: Run Myerson’s mechanism M ;rs with D’ and the players’ reported values, b = (b;);cn, to get
allocation = = (z;);en and price profile p = (p;)icn as the outcome.

Before proving Theorem [0, we first claim the following key lemma via an imaginary Bayesian
mechanism that “over-prices”. Recall Z/ = (N, M, D’) is the instance under D’.

Lemma 3. Rev(Mprs(Z')) > 1LJFEOPT(I).

Proof. For each player i, denote the support of D, by V! = (U;-l)le{o,...,k}- We first define a way to
couple the values v, ~ D} with the values v; ~ D;.

The randomized round-down scheme. For any value v; > vg;o, let v;” be v; rounded
down to the support of D, such that v; is distributed according to D} whenever v; is distributed
according to D;. Recall that under value queries, v; is simply the largest value in V; that is less
than or equal to v;, no matter whether D; is continuous or discrete. Under quantile queries, when
D; is continuous, the same deterministic round-down scheme still works. However, the situation
is more subtle when D; is discrete, and we need a randomized round-down scheme to ensure the
relationship between v; and v; . More precisely, by the definition of quantile queries, V/ is a subset
of D;’s support. If v; is not in V;/, then it is still deterministically rounded down as before. If v; is
in V/, say v; = vg;l, then by the definition of quantile queries and the construction of D}, we have
Pryp,[z > vi] > ¢ = Pryp/[x > v;]. In this case, v; is rounded down to v, , (ie., v; = v, ;)
with probability Z 7 ’

Pry p, [z > vi] — Pryup[z > vi]

Di (’UZ) ’

and to v}, (i.e., v; =v!,) with probability

PrmNDi [l’ > Ui] - PrchD;_ [l’ > Ui]
D;(vi)

Following this scheme, it is not hard to verify that Pry,~p,[v; > v,] = ¢ for any I € {0, ..., k},
thus v; is distributed according to D}, as desired.

No matter what v, is, let UZ.'" be the smallest value in V; that is strictly larger than v; (if no
such value exists, then v;r = +00). That is, v;r > v; and v;r is v; “rounded up”, which was not

needed under value queries and is new for quantile queries.
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The randomized resampling scheme. For any value v} ~ D}, let v; be resampled from D;

conditional on “v; rounded down to v}”, so that v; is distributed according to D; whenever v} is

i
distributed according to DZ/-. Again, under value queries, the resampling is simply conditional on
v; € [vjy,viy,,) when v; = vj,;, no matter whether D; is continuous or discrete. Under quantile
queries, this resampling scheme still works when D; is continuous. When D; is discrete, we need to
“undo” the randomized round-down scheme defined above. More precisely, letting v} = v.,, v; is set
to be v}, ; with probability 7

Pryp,[z > Uz,';l—i-l] —di+1

Dg(vg;l) ’

p1 =
is resampled from D; conditional on v; € (v}, v}, ;) with probability

Prop,[viy <@ <wj]
D;ﬂ(v;ﬂ;l) 7

p2 =

and is set to be vj,; with probability

Prop,[z < vjy] = Proupe <vjy]  Di(vyy) — Prawp, o > 0] + a

p3 = g
Di(viy) Di(viy)

Following this resampling scheme, it is not hard to verify that v; is distributed according to D;
whenever v/ is distributed according to D.

Given the round-down and the resampling schemes above, we consider the Bayesian mecha-
nism M* defined in Mechanism [7 for Z’, and compare its revenue with that of My;rs. We first
claim that M* is a DSIC mechanism. Because M rs is DSIC, each x; is monotone in v;. Al-
though v; is a random variable given v}, it is easy to see that for any two different values v} € V/
and 0, € V/, the corresponding resampled values v; and ¢; are such that v, < o} implies v; < ;.
Thus x; is monotone in v; as well. Moreover, let 6; be player i’s threshold payment in M/rg given
v_; and D. If v} > 0; then v; > 0;, thus player ¢ gets the item at price p; = ;. If v, < 6; then player
i does not get the item and p; = 0, no matter whether v; < 6; or not. Accordingly, 6; is also player
i’s threshold payment in M* under v_; and D’. Since v_; does not depend on v}, M* is DSIC as
desired.

Mechanism 7 A Bayesian mechanism M* for instance 7'

1: Each player ¢ reports his value v}, and the mechanism discards the report that is not in V.

2: For each player i, generate value v; according to v, using our resampling scheme.

3: Run Msrs with the value profile v and the prior distribution D, to get the price p; and the
allocation x; € {0,1} for each player i.

4: If z; = 1 and p; < v}, sell the item to ¢ and charge him p;; otherwise, set x; = 0 and p; = 0.

To analyze the revenue of M*, note that by construction, when v/ is distributed according to Dy,
the resampled v; in M* is distributed according to D;. Moreover, each v} is distributed as if we first
sample v; from D; and then setting v} = v, .

Thus, mechanism M* on instance Z' essentially generates the same expected revenue as Mjgs
on instance Z, except for the case when v} < p; < v; for the winner . Fortunately, we are able to
upper-bound the probability of this event and thus upper-bound the expected revenue loss. More
precisely, for each player i, we write p; as p;(v_;; D) to emphasize that it is the threshold payment
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for ¢ given v_; and D, and does not depend on v; or v,. We have

fevi Zv EJ’D 1vZLEszi(U_i;D)IUZZm(vfi;D)
_ . = > p.(v_.: D).
Zv LED pi(v—i; D) viE%i[vZ > pi(v—; D)] (18)

Here the first equality holds because of the relationship between D’ and D as established by our
rounding and resampling schemes, and because each player ¢ in M* pays the same threshold price
as in mechanism My rs whenever v} is at least the threshold, and pays 0 otherwise. By the
construction of the distribution D’, we have the following claim, which is proved in Appendix [Al

Claim 1. Pry,~p,[vi > pi(v—i; D)|qi(vi) > €1] < (1 +6) Pry,op,[v; > pi(v—s; D)].

Combining Equation I8 Claim [l and Small Tail Assumption 2, we are able to lower-bound the
revenue of M* as follows, which is also proved in Appendix [Al

Claim 2. Rev(M*(Z')) > 1+eOPT( ).
By the optimality of Mrrs, Rev(Mprrs(Z')) > Rev(M*(Z')), and Lemma B holds. O

Proof of Theorem [@. First, mechanism M EQ 18 DSIC because Mg is DSIC. Second, the query

complexity of Mpggar is O(— nlogy ¢ h(3(1+6))), < —3(%6—))} +1

quantile queries for each player and there are n players in total. By definition,

Rev(Mpom(Z)) = Rev(Marrs(Z;D')). By construction, D’ is stochastically dominated by
D. Thus by revenue monotonicity Rev(Marrs(Z;D’)) > Rev(Marrs(Z')). Combining these two
equations with Lemma [3] Theorem [G] holds. O

Mechanism Mpggay and Theorem [l immediately extend to single-parameter downward-closed
settings. Finally, when the distributions are regular, we are able to prove an even better query
complexity and a matching lower-bound; see Section [

5.4 Unit-Demand Auctions

The unit-demand mechanism M pggup is similar (see Mechanism [§]), and we have the following.

Theorem 7. Ve > 0, any unit-demand instance T = (N, M, D) satisfying Small-Tail Assumption 2,
OPT(T)

MEgqup is DSIC, has query complezity O(—mn logy < h(ﬁ)), and Rev(Mgqup(Z)) > AT e -

Mechanism 8 Mechanism M ggpp for Unit-Demand Auctions

1: Given € > 0, run algorithm Ag with § = § and ¢ = h(3(12-6+ )) (ie, 61 = 3(1+ 3 for Small Tail
Assumption 2), for each player ¢’s distribution D;; on each item j. Denote by D the returned
distribution. Let D) = xjeMD and D' = x;enD..

2: Run mechanism ./\/lUD with D’ and the players’ reported values, b = (b;j)ien jem, to get allo-

cation z = (x;)ien jem and price profile p = (p;)ien as the outcome.

The proof of Theorem [7is similar to that of Theorem (], but Lemma [3] above is used instead of
Lemma 5 of [18], and the round-down scheme is replaced by the randomized round-down scheme
designed in the proof of Lemma Bl The details have been omitted.
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5.5 Additive Auctions

For additive auctions, we cannot use Small-Tail Assumption 2, because it does not imply that the
revenue loss on the tail by running M gy ¢ is much less than the revenue of the optimal mechanism.
To approximate Mpy g, not only we need Small-Tail Assumption 1, but we also approximate D
by running the quantile-query algorithm Ag with different parameters. The resulting mechanism
MEgBvee is defined in Mechanism [ and the mechanism Mggras simply replaces Mpycg with
Miar. Again, in the final mechanism Mpga the seller randomly chooses between the two query
mechanisms, according to probabilities defined in the analysis. We have the following theorem.

Mechanism 9 Mechanism Mggpvee for Additive Auctions
1: Given € > 0, run algorithm Ag with § = (1 + %)1/""” 1 and €; = h( 10(1+5)) ( WZE)
for Small Tail Assumption 1), for each player i’s distribution D;; on each item j. Denote by ng
the returned distribution. Let D} = XjeMDQj and D' = x;enD,.
2: Run Mpycg with D' and the players’ reported values, b = (bij)ien,jem, to get allocation
x = (24j)ien,jem and price profile p = (p;)ien as the outcome.

ie, 0 =

Theorem 8. Ve > 0, any additive instance T = (N, M, D) satisfying Small-Tail Assumption 1,

MEga is DSIC, has query complexity O(—m nlogHe h( 10(1+5))’ and Rev(Mgga(Z)) > 08(13171;(52))'

Before proving Theorem [§, we first analyze mechanism Mggpyvcea, and we have the following.

Lemma 4. Ve > 0, for any additive Bayesian instance T = (N M, D) satisfying Small-Tail As-

sumption 1, Mggpveea is DSIC, has query complezity O(—m nlog1+e h( 10(1+5)))7 and
7)) > 7)) —OPT(T) ).
Reo(Megpveo(D) > 1z ((RevMavca®) - 5 0PT(@)

Proof. First, mechanism Mggpveg is DSIC because Mpycg is DSIC. The query complexity is
also immediate.

We now focus on the revenue of this mechanism. We explicitly write M gy cc(Z; D’) to emphasize
the fact that the seller runs mechanism M pgyca on the true valuation profile v ~ D, but uses D’
to compute the entry fees e;. Given a player i and a valuation profile v, p;(v;, D;,v_;) is the price
for ¢ under D;: that is,

pi (Uia D;, U—i) = IzjivijZﬁij (vij —Bij)ZE(’Di,v,i)( (Dw V- + Z Bzg UU>6U)

where we omit v_; in §;;(v—;) when v_; is clear from the context. H The price p;(v;, D, v_;) is
similarly defined. By the definition of the mechanism, we have

Rev(Mpqpvcea(Z)) = Rev(Mpyea(Z; D) Z E E pi(vi, Dj, v—y). (19)

Next, let VZ-’ be the support of Dw, V! = x jeMVi/j, round v; down to the closest valuation
v; in V; and compare the two valuation profiles (vj,v—;) and (v;,v—;). By definition, v; > B;

implies v;; > B3;;. Moreover, the entry fee of i is the same under both valuation profiles, as it

2If there are ties in the players’ values, then we distinguish between B;; and 3

;;» depending on the identity of the
player with the highest bid for j in N \ {i}.
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only depends on D) and v_;. Similarly, the reserve price f;; is the same for any item j. Thus
we have e(ngU—i) + Zj ﬁijIUijZBij > E(Dg’v—i) + Zj ﬁijlvngBij and IZjiUz‘jZBij (vij—Bij)>e(Di,v—y) 2
Izj:uij 5y (U —Big) Ze(Dlyu ) Therefore

E E pi(vi’Dg’U—i) 2 E E pi('ull."D;,U_i) = E E pi(Ug,'Dg,U_i), (20)
v_;~D_; v;~D; v_;~D_; v;~D; v—i~D_; v~D]
where the equality is again because drawing v; from D; and then rounding down to v} is equivalent
to drawing v} from D} directly.

In mechanism M pycq, given v_; and D}, e(D},v_;) is the optimal entry fee for maximizing the

expected revenue generated from i, where the expectation is taken over D]. Accordingly,

E pi(vi,Di,v_) > E pi(v),Di,v_;). (21)
vi~D;, v} ~D)
Combining Equations [[9] 20] and 21 we have
Rev(MEgqgpvea(T)) = Z E  pi(vi, Ds,v_). (22)

. ] /
i ’I),ZN'D,le.NDi

Thus we will use Y. E E pi(v,D;,v_;) to upper-bound Rev(Mpyca(Z)).
i v—i~D_;v,~D]

To do so, first, for any player i, item j and value v;;, if v;; < Ugj;k where ,U;j;k is the largest
value in VZ’], then denote by v;; the smallest value in VZ’] that is strictly larger than v;;; otherwise,
let v;; = v;j. Moreover, denote by v;; the largest value in VZ’] that is weakly smaller than v;;. The

valuation 7; and v; are defined correspondingly given v;. Then We have

ReU(MBvcg(I)) = Z -ED E .pz’(UiafDiaU—i)

i Ui~ Ly

i vi~D;

- Zv ,ED - Izj:uijzaij(vij—ﬁij)ze(Divvfi) e(Di’U—i)+ZﬂijIUijZﬁij
i U j

v_;j~D_j v~

- Z = Ep.Ivj’qij(vij)>€1Izj:vijzmj(Uij—ﬂij)ZG(Di,v—i) e(Di’v—i)+ZﬁijI%25ia‘
: ; -

+ Z v,iED,i viilf;,DiIEljﬂij(vij)SqIzj:vijzﬁij (vij—Bij)>e(Div—s) E(Di, U_Z') + Z 6ijIUij26ij
7 J
(23)
Below we upper-bound the last two lines in Equation 23] separately. For the first part, we have

2@': v,iFD,

i vi~D;

E _Ivjv‘h‘j(vij)>5112j:uij2ﬁij (vij—Bij)=e(Di,v—q) e(Di7 U—i) + Z BijIUijZﬁij
J

IN

Zi: v,i@D,

i Ui~ Ly

ED- IVijij(vij)>ElIZj;iijzgij (Vi —Biz)>e(Div—y) e(D;,v—i) + Z BijI@jZﬁij
J

- Z v -INED : Z viEg)im =ui] | e(Di,v-i) + Z BijLui;>p;
i —1i =1 U’ievilzzjiuijZﬁij (uij—ﬁij)Ze(Di,v,i) 7

(24)
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The inequality above is because v;; < ©;; for each player ¢ and item j, which implies

Izj:vijzzsij (vig—Bis) Ze(Diwv—i) S Izj:vijzﬂij (i —Big)2e(Diwi) A 325 Bijlo; >, < 325 Bijlo; 28,

Next, by the definition of the quantile vector g, for any u;; € VZ’] we have

Indeed, when u;; = vj;q, Privy; < uj] =0 < (1+6)(1 —e(1+ ) = 1 +0)(q —q) =
(1 + 6) Pr[UZ] [ zy;O? zy,l)] When Uij = U; H) with 0 <1 < k Pr(”w [ gj;l—l7 ;_] l)) Q-1—q =<
1+0)g—qg=0q=(»1 +5)5ql+1 (1 +5)((1 +5)ql+1 qi+1) = 14+0)(qg—q1) = (149) PI‘[UZ] €
(V3505 Vi) And when wg; = vf; . Privyg € [v);, 1,054l = @e—1—qr = de1 < ex = Prv; > v, ]
Since all distributions are independent, for any u; € V/ we have

Pr [, =w] <1+ Pr [v,=u. (25)

vi~D; vi~D;

Combining Equations 24] and 25 we have
> E
P v_;~D_

E'D IVJ qij (UZ])>€1:[ZJ 28, (UU Bzy)>e(DuU— ) C(Di, ’U_i) + Z /BZ]IUZ]ZBZ]

3 Vi~

IN
@.M
=

Z (14+0)™- UETDZ_[M =u;] - | e(Di,v—) + Z Bijlu,;>8,;
J

.uiEVi'i > (uij—PBij)>e(Div_;)
j:ul]>[-3,LJ

Izj:vgjzﬁij(U;j_ﬁij)ze(piﬂ)fi) e(Di, v +Zﬁzy v 2>Bij

= (140)™ Z E ED/pi(vg,Di,v_i)§(1—|—5)mRev(MECBvcg(I)). (26)

The first equality above holds because drawing v; from D; and rounding down to the support of D,
is equivalent to drawing v} from Dj. The second equality is by the definition of p;(v}, D;,v_;), and
the last inequality holds by Equation

By Equations 23] and 26] we have

Rev(Mpvea(T))
< (1+0)"Rev(Mggpvea(Z))

+ Z Ufi"I?D E :Z[EJ qij(vij)<er IZJ iy > (vij—Bij)>e(Div—;) C(Di, ’U_i) + Z /Biijij25ij
i

3 Vi~

(27)
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For the last line of Equation 27] we have

Zi: v,igD

EDIEJ qu(vlj)<elIZJ 01> Bij (vij—Bij)>e(Div—;) e(Di7 U—i) + Z /Biijijzﬁij

i Ui~y

- UINED Z L5015 (i) <1 Zg 0284, (Via —Big)2e(Div—i) e(Di, v-i) + Z Bijlu>p,;
j

< vINED IHivijij(Uij)Sfl ZIZ]‘;UMEBM (vij—Bij)=e(Di,v—;) E(Di’ U—i) + Z 52']1%'3252'3'
i J

= ED 132’] q”(vlj)<€1R€U(MBVC(;(U I)) OPT( ) (28)

- 10(1 +¢€)

The first inequality above is because, for each player ¢ and valuation profile v, I3 gi;0i)<er <
I5; j.4i;(vi;)<e - The second inequality is by the Small-Tail Assumption 1.
Combining Equations 27 and B8], we have

RGU(MBVCC(I)) < (1 + 5)mReU(MEQBvcg(I)) OPT( )

10(1 +¢€)
By the construction of Mechanism [} (1 4 )™ = 1 + £. Therefore Lemma @ holds. O

Proof of Theorem[8. First, as both Mggpvee and Mggry are DSIC, MEQA is DSIC. Second,
note that M pg4 runs both mechanisms with § = (1+¢ )™ —1and e; = h( 10(1+ )) To ease the anal-

ysis, when running mechanism Mg, let 6 = {5 and € = h(m): that is, set ¢ = ¢ and run

mechanism M ggps with parameter € for each item. By Theorem [6] with O(—mn log; be h( (5 vy )
queries,

Rev(Meqru(T)) = 1+ (M (2)).
By Lemma [ with O(—m?n logy 4 h(m)) queries,
Rev(M 7)) > 6(Rev./\/l A —70PTI>.
(Megpvea(D)) 7 e (Mavea(2)) 00 £ o) (Z)

Note that the total query complexity is still O(—mznlogHé h(wﬁﬁ)))

Let mechanism Mpgga run Mggpyca with probability i and Mgy with probability %. We
have

RBU(MEQA(I)) = EREU(MEQBVCG(I)) + §RB’U(MEQ[M(I))

> 74(11%) <Rev(MBVCG(I))—mOPT( )> 4(1L+g)zafev(/\/tm(z))
. %Rev(MBch(I))—I—ZRGU(M[M(I)) mopT( )>

1 € L
> 1 (50P1@) - 50T @) = 0T @)

The last inequality above holds because 2Mpyog(Z) + 6M iy (Z) > OPT(Z) [9]. Thus Theo-
rem [§ holds. O
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The main advantage of using quantile queries is to handle unbounded distributions. In addition,
we can use the resulting query mechanisms to construct sampling mechanisms; see Section [l As
shown in Theorem [§ the query complexity of mechanism Mpgg4 has an extra factor of m compared
with that of Mgy 4 (and the lower bound). It would be interesting to see whether our lower-bounds
can be improved in this scenario.

5.6 Using Quantile Queries for Bounded Distributions

As a corollary, Theorems [0, [7] and {] also provide another way to approximate the optimal BIC
revenue using only quantile queries when the distributions are bounded. More precisely, we have
the following.

Corollary 1. For any ¢ > 0, H > 1, and prior distribution D with each D;; bounded within

%(HE)) quantile queries for single-item

nmH (1+€) )

[1, H], there exist DSIC mechanisms that use O(mnlogy

auctions and unit-demand auctions, and use O(m*nlog, . quantile queries for additive
auctions, whose approrimation ratios to OPT are respectively 1+ €, 24(1 + €) and 8(1 + €).

Proof. We only need to show that the Small-Tail Assumptions 1 and 2 are naturally satisfied when
the distributions have bounded supports. For example, consider additive auctions where all values
are in [1, H|, as considered in [28, [I5]. Then mH and 1 are straightforward upper- and lower-
bounds for OPT(Z), respectively. Moreover, by individual rationality, mH is an upper-bound for

the revenue generated under any valuation profiles. Given 41, let e; = h(d1) = mg; 77 and denote by
E the event that there exist at least one player ¢ and one item j with g;;(vi;) < €;. By the union
bound, Pr[E] < mne; = mn - mg;bH = %. Therefore

ED L5 i (0)) < Rev(M(v; T)) <mH - Pr[E] < 6 < 0:0PT(I).

Combining this observation with Theorems [0 [[l and B we have Corollary [[l when the values are all

bounded in [1, H]. O

6 Single-Item Auctions with Regular Distributions

In this section, we show that when we only consider regular distributions for single-item auctions,
the query complexity can be much lower. In fact, we no longer need the small-tail assumptions even
when the supports are unbounded. Here our lower- and upper-bounds are tight upto a logarithmic
factor, and require different techniques from previous sections.

For the lower-bound, recall that in Section Bl we allow the distributions to be irregular. To
construct the desired distributions, we can first find the un-queried quantile interval and then
move the probability mass from its end points to internal points. Because the distributions can
be irregular, we have complete control on where to put the probability mass. However, if the
distributions have to be regular then this cannot be done. Instead, we start from two different
single-peak revenue curves and construct regular distributions from them. We still want to move
probability mass from the end points of the un-queried quantile interval to internal points, but such
moves must be continuous in order to preserve regularity.

For the upper-bound, we show that regular distributions satisfy the small-tail property with a
properly defined tail function. Thus our techniques for distributions with small-tails directly apply
here.
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6.1 Lower Bound

With regular distributions, by [19] it is sufficient to use a single sample to achieve 2-approximation in
revenue for single-player single-item auctions. Because every distribution is a uniform distribution
in the quantile space, a sample for such auctions can be obtained by first choosing a quantile ¢
uniformly at random from [0, 1] and then making a quantile query. Thus, a single query is also
sufficient for 2-approximation in this case. As such, unlike Theorem 2] where we have proved lower
bounds for the query complexity for arbitrary constant approximations, for regular distributions we
consider lower bounds for (1 4 €)-approximations, where € is sufficiently small. More precisely, we
have the following.

Theorem 9. For any constant € € (0, 6—14), there exists a constant C such that, for any n > 1, any
DSIC Bayesian mechanism M making less than Cne~' non-adaptive value and quantile queries to
the oracle, there exists a multi-player single-item Bayesian auction instance T = (N, M, D) where

: OPT(Z
|IN| =n and D is regular, such that Rev(M(Z)) < TE)

We only prove Theorem [d for the single-player case, as in the following lemma. The lower
bound for general multi-player single-item auctions can be proved using the same technique as in
Theorem [2, thus the full proof has been omitted.

Lemma 5. For any constant € € (0, 6%1), there exists a constant C' such that, for any DSIC Bayesian

mechanism M making less than C/e non-adaptive value and quantile queries to the oracle, there
exists a single-player single-item Bayesian auction instance T = (N, M, D) where D is reqular, such

OPT((Z
that Rev(M(T)) < 227,

Proof. Since the distributions are unbounded, we can always construct the distributions such that for
any finite number of value queries, the responses for the value queries have almost none contribution
to the optimal revenue. Thus we only need to focus on the lower bound for quantile queries.

Letting k £ (6—161 and C & 1_2?566. Here 0 is a constant to be determined later and 4, e satisfies
that £ > 2. In our construction, we divide the quantile interval [0, 1] into k + 1 sub-intervals each,
with the right-end points defined as follows: from left to right, ¢ = 0, ¢+1 = q: + de for each
te{0,....k—1}.

Accordingly, for any Bayesian mechanism M that makes less than % non-adaptive quantile
queries, there exists a quantile interval (g¢, gi+1) such that, g1 < 1 — 2de and with probability at
least %, no quantile in (g, qi41) is queried. Indeed, if this is not the case, then with probability at
least %, all the quantile intervals except (1 — 2de,1 — de) and (1 — de, 1) are queried. Since there
are at least k — 2 quantile intervals, the expected total number of queries made by M is at least
% —-1> 1562656 = %, a contradiction.

We now construct two different single-player single-item Bayesian instances

{IZ = (Nv M, DZ)}ZE{1,2}7

where the distributions outside the quantile range (g, g:+1) are all the same. Thus with probability
at least %, mechanism M cannot distinguish the Z,’s from each other. We then show that when
this happens, mechanism M cannot be a (1 + 3¢)-approximation for all instances Z,.

Let R be a parameter that is large enough such that no value query will get any useful response.
Then the first distribution D; with value bounded within [0, q—ff] is defined as follows, where Fi(-) is
the cumulative probability function of D;.

11— —Lf_ — 0<v< &
Fi(v) = { ) (1—gt+1)v+R . ; R qt
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That is there is a probability mass 13%6 at value q—}z and within interval |0, q—}f) it is a continuous

distribution. Then for any quantile in range (0, %], the oracle will response q—P‘t“. For quantile ¢ in

range (72, 1], the oracle will response v(q) = TRtH(%

related to the quantile ¢ is

— 1). Therefore the revenue function with

Ri(q) =

__ _ gt
1—de> q= 1—de”

R q
{ 1?%Qt+1 (1 - Q)a l—t(;e <q < 17

The revenue curve Ry(q) is illustrated figure [Il

Ri(q)
R |
1—0d¢ )
|
|
|
_____________ - — — L -
R | | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
0 q T g 1 g

Figure 1: The revenue curve of Dj.

The second distribution Dy with value bounded within [0, q—}z] is defined as follows, where Fy(-)

is the cumulative probability function of Ds. Let v* = 5= 65)—1%((22—_66;))(1—%“)‘ Since qry1 < 1 — 20,

v* > 0 is well defined and it is easy to check v* < q—}z.

R *
1—W, 0§'U<'U,
_ —0€ * R
FQ('U)— 1—m, v §U<a,
1, v=£

qt

That is, there is a probability mass ¢; at value q—}z and a two-step continuous distribution within

[qt,¢*] and [¢*, qi+1]. Thus for any quantile in range (0, ¢], the oracle will response q—Pf. It can be

calculated that the quantile of value v* is ¢* =1 — 2(21_—_‘5566) (1 = q¢+1). Then for quantile ¢ in range

(¢, q*], the oracle will response v(q) = %(1 — 1-‘1—(;1:—65) + 1+q}j—6e' For quantile ¢ in range (¢*,1],

the oracle will response v(q) = 1_1;“ (% —1). Therefore the revenue function with related to the
quantile ¢ is
R
1_q}tz+1(1_Q)7 q* <QS 17
Ry(q) = m(l—kq—&), @ <q<q,
R, q = q

The revenue curve Ra(q) is illustrated figure 2
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Figure 2: The revenue curve of Ds.

Indeed when the quantile query is from [0, ¢| U [g1+1, 1], the oracle’s answers for all distributions
are the same. Accordingly, with probability at least %, mechanism M cannot distinguish D,’s from
each other, which means it cannot distinguish Z,’s from each other, as desired.

Since M is truthful, the allocation rule for the player must be monotone and he will pay the
threshold payment set by M, denoted by P. Let P* = = 56)_(%1;?6?(1_%“). Here P may be

randomized. Recall that OPT(Z;) = % If with probability % setting the price P < P*, then for
instance 71, we have

1, 3R R
5(4(1 — be) )
7R R R < 1 ) _ OPT(1y)

= L= 1- =
81—06) 8  1—de g%¢ 1+ de

Rev(M(T,)) < JOPT(T)) +

when 0 > 32. On the other hand, recall that OPT(Zy) = 2(1—}—365) + g = (22(1565)6})% If with probability

%, the price P > P*, for instance Zo, we have
1 (4—0e)R  (2—0de)R  (4—6¢)R
RevM(L2)) < SOPT(Z2) + 5555 = 41 =50) 204 = 200
(2-6e)R (1  (4—0e)(1—de)\ _ B o€ OPT(Z,)
2(1 —de) \ 2 * 2(2 — de)? = OPT(Z:) 1 2(2 — de)? 1+ 4e

when § > 32. Thus for any mechanism M with O(%) quantile queries, there exists z* € {0, 1} such
that when € < é and ¢ = 32,

OPT(Z,.) OPT(Z,.) OPT(Z,)

Therefore Lemma [{ holds. O

6.2 Upper Bound

Our mechanism M grg (i.e., “Efficient quantile Myerson mechanism for Regular distributions”) first
constructs the distribution D’ that approximates D using the quantile-query algorithm Ag with
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parameters § = 7 and € = and then runs Myerson’s mechanism M ;rs on D’. Formally, we

have the following theorem.

256n ;

Theorem 10. Ve € (0,1), and for any single-item instance T = (N, M, D) where D is regular,

mechanism Mgr is DSIC, has query complexity O(nlogy, . 2), and Rev(MEgnmr(Z)) > O%EZ).

Mechanism 10 Efficient quantile Myerson mechanism for regular distributions, Mgar

1: Given € > 0, run algorithm Ag with 6 = 7 and ¢ = % for each player ¢’s distribution D;,
with the returned distribution denoted by Dj. Let D' = x;enD..

2: Run M ps with D’ and the players’ reported values, b = (b;);cn, to get allocation z = (z;);en
and price profile p = (p;)ien as the outcome.

Proof. Consider the quantile value ¢* = % and v} = F; '(1 — ¢*). Let 9; = max{v}, w},

and Dy, ..., D, be imaginary distributions obtained by truncatlng Dy,...,D, at 0; (i.e., a sample
; from D; is obtained by first sampling v; from D; and then rounding down to #; = min{v;, 9;}).
Finally, denote by Z = (N, M, D) the imaginary Bayesian instance where players’ values are drawn
from D.

Note that D’ is also a discretization distribution for D, following the proof and notations of
Theorem [6] letting v, be the value first sampled from D; then rounding down to the support of D/,

we have Mpgrg is truthful and using the technique of Mechanism [7, we have

Rev(Mgnr(Z)) = Rev(Mpyrs(v,D')) > Rev(Mpyrs(v', D))
Z E bi U—uD) : PrD [U > pl(v_“D)]

—1

v

— Z E  pi(v—;5D)- Pr [v; >pi(v_i5D)] - (1

~ worrz) + 1
v_;~D_; vi~D; €

i< prstsorr@m ). (29)

i

We bound the indicators separately.

Z E pz U_g; 15) - Pr [UZ_ > pi(ﬁ—iQ ﬁ)] : IU*< 160 PT(T)
;Ui ~D_; vi~D; i= €

= > E_ pi(v_;D) Pr[v; =pi(v_i;D)]
;. 0—i~D—; vi~D;

T, caorra@ - (Lo ip)<op + Lo isp)>0;)

_ 1
Zz‘:v fIVED, pi(0-D) - 1+ 3 'vf:rDz[ = pi(0-i;D)] 'Ivfﬁiwoiﬂz) 'Ipi(57i§ﬁ)<vr

v

_ = _ = 160PT(Z) €
+(pi(v—i; D) - EZE% [0; = pi(v—i;D)] — . : 256n) : IU;S_HSOPT(I) 'Ipi(mi;f?)zv?]

-OPT(I). (30)

By plo D) P o2 pio-s P L conpn - T

The first inequality here holds because for price p;(v_;; D) < vy, we have

Pr [v; > p;(v_;;D)] >
T)iNT)i[ L pl( ! )] - 1 + i Th‘"‘"f)i




due to the structure of the quantile queries for D’. For price p;(v_;; D) > v}, when v < %T(I),
by the regularity of D;, the optimal reserve corresponds to the quantile 1nterval (55, 1]. Thus we

have

256n )

pi(v—i; D) - Pr [v; > pi(v_;;D)] >0

v;~D;
> pi(0-3 D) Pr [0 > pi(0_; D) —vf - Pr [v; > v]]
v;~D; v;~D;

= _ - 160PT(I) €
> pi(v—i;D)- P i > pi(v—i;D)] — :
= pi0-iD)- Pr [0 = pi(0-i;D)] c 256m

Thus Equation B0 holds.

: . . . 2
since the expected revenue is non-decreasing for quantile range [0, 55=-].

Then for the second indicator for Equation 29, we have

Z E  pi(0-5;D) Pr [v; >pi(0-;D)] -1

B e Vi 1601:T(I)
U—u 25) . 7P1‘_ [@i > pi(@_i; ’D)] : IU*>160PT(I) (31)
- i~D_; v;~D; i €

also by the construction the quantile queries for D’. Combining Equation 29], B0 and BT], we have

Rev(Mgmr(Z))
1 _ _
> c E_ pi(0—3D)- Pr [v; > pi(v-4;D)] -1 <160PT(I) - — OPT( )
1+ Z g 0-i~D— vi~Di s
- Z E p (0_4:D) - _P% [0 > pi(0-5;D)] - 1, _ 160rr)
Z i Vi~ Ly i €
1 _ €
= v,D)) — — -OPT (T
T iReU(MMRS(Ua ) 6 © ()

By Lemma 2 of [I8], for 0 < € < 1, Rev(Mpps(0,D)) = OPT(Z) > (1 — £)OPT(Z). Thus we

have

Rev(Mgmr(Z))
1 € €
> - - > .
= i(1 4)OPT(I) 16 OPT(Z) > (Z)
Thus Theorem holds. O

Following [15] 28] 18], the sample complexity for single-item auction with regular distributions
is bounded between Q(max{ne=!, e 3}) and O(ne~*). However, each sample is a valuation profile
of the players, and thus contains n values. When e is small, the query complexity in this setting is
O(ne 1log 2). Thus the query complexity is still much lower than the sample complexity.

7 Applications: Sampling Mechanisms

Using our techniques for query complexity, we can easily construct sampling mechanisms for multi-
parameter auctions. Currently, the sample complexity for unit-demand auctions and additive dis-
tributions has been upper-bounded in [3] [30] 21} [6] for bounded auctions. In this section, we provide
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another way to explicitly construct sampling mechanisms for both unit-demand and additive auc-
tions, for arbitrary distributions with small-tails (and for bounded distributions).

The idea is to use samples to approximate quantile queries. Mechanism [[1] defines our sampling
mechanism Mgys. Recall that mechanisms Myrs, Myp and M4 are known (approximately)
optimal DSIC mechanisms for single-item, unit-demand and additive auctions respectively. Note
that in mechanism Mgy, we use a different method to discretize the quantile space for additive
auctions, so as to further reduce its sample complexity. In particular, we have the following theorem.

Mechanism 11 Sampling Mechanism Mg,

1: For single-item auctions and unit-demand auctions, given € > 0, set 6 = &, e = = h( 30 +6))

and k£ = [logy s i}, define the quantile vector as ¢ = (qo,q1,---,qk-1,9x) = (1,e1(1 +
(5)k_1,...,61(1+(5),61).

For additive auctions, given € > 0, set e; = h( and k = Lﬁj, define the quantile vector

TiTe)
as ¢ = (qo, q1, -, qk—1,qk) = (1, keq, ..., 2€1,€1).

2: For each player 7 and item j, given ¢ samples Vt = {vllj, e Uy

assume vilj > v?j > >l ;- For each quantile ¢, set v ;” to be the value corresponding to the

quantile query g;. (If tq; is not an integer then the mechanism takes [tg].)

3: Construct a discrete distribution Dj; as follows: Dj;(v tql) = q — q4+1 foreach 1 € {0,..., k—1},

and D). ( v;;") = e1. Finally, let D} = x jenD;; for each player i and let D' = x;enD,.
4: Run M MRS/ Muyp/Ma with distribution D’ and the players’ reported values.

vt }, without loss of generality

Theorem 11. Ve > 0 and v € (0,1), for any Bayesian instance T = (N, M, D),

o for single-item auctions satisfying the Small-Tail Assumption 2, with O(h‘%ﬁ) : (1i6)_2)

samples, mechanism Mgys achieves revenue at least —OPT( ) with probability at least 1—~;
e for unit-demand auctions satisfying the Small-Tail Assumptz’on 2, with O(h 4(%)-(&6)_2)
samples, mechanism Mgy achieves revenue at least 24(1+ )OPT with probability at least 1—-y;

e for additive auctions satisfying the Small-Tail Assumption 1, with O(h=%( 00170 )(5— 1+(1+1 517w ))72)

samples, mechanism Mgy achieves revenue at least OPT with probability at least 1 —-y.

8(1+ )

Proof. After constructing the distributions, we simply run the existing DSIC mechanisms as a
Blackbox, and if the constructed distribution satisfies the property that for any quantile ¢,

(b 1 < taq ) 9
qZJ(UZJ )— 1+§ qt]( ) : (3 )

all our query complexity results for single-item and unit-demand auctions directly apply here.
Since here for sampling mechanism, we slice the quantile interval uniformly, in the ideal case, the

selected sampled values correspond to the desired quantiles and D;;(v, q’) = Djj (Ug-ql“). However,

since these samples are random, we may not obtain the ideal case. In fact, given parameter d =

%, if for any quantile g,
t- a
q — d _qu( ql) SQI“‘Ey (33)
then tas L (-
qw( ) a1(1—3) o 4G a1
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for any € > 0, that is, Equantion B2 holds. In the following, we show how many samples are enough
to obtain Inequality
First, we bound the probability that U'-t'-q’ locates in the quantile interval [g; — ‘” ,qr + q’] Let

f]e{t be the event that v;; "0 Jocates in the quantﬂe interval [0, ¢ — 4], and E:ﬁht be the event that

ql locates in the quantlle interval [g; + %,1]. Then

t—t-q

pasf1 =3 (4) (o 2) (-0 )

s=0

and

g()@—ql—%) (a+ )™

By Chernoff’s inequality and Vi,7,(, letting Pr[E left] and Pr| :ﬁht] be no more than 5t
t= O((%) 2y = O(((i_ile))_ ). That is with O(h~ (3(1+6)) : (1—_1_6)_2) samples, the probability that
t ‘ll does not locate in the quantile interval g — %, q; + 4] is less than m By union bound,

there exists one Uiqu for all i € [n],j € [m],l € [k + 1] does not locate in the quantile interval
(@1 — %, q + %] is less than . Then with probability 1 — ~, Inequality B3] holds.
For additive auctions, if the constructed distribution satisfies the property that for any quan-
tile ¢,
t- 1 t- ¢
q@'j(v q) qij (v, qm) > m (%’j(viquﬂ) - Qij(viqu+2)> ) (34)
all our query complexity results for additive auctions directly apply here. In fact, if for any quan-
tile ¢,

q— 61(% — m) < gii(v tql) <q+ 61(% — m)
then,
ai(vi") — @i (v"*) a-al-grgm) 1
qij (v; ‘”*‘1) — gij(vy?) e+ all - gy L+ Y
Using the same technique of applying the Chernoff’s inequality, with O(h~2%( 10(f+6) )(%— 1_,_(14_1%)1/”1 ))~2)
samples, Equation B4l holds with probability 1 —~. Thus Theorem [Tl holds. O

Remark. Following the convention in the literature, a logarithmic factor depending on  has
been absorbed in O(-). If the values are bounded in [1, H], by defining the tail function & according
to H the resulting sample complexity is O(m*n?H?(1 + €)*e¢~*) for unit-demand auctions and
O(m* n*H? ()2 (3 — W))_z) for additive auctions.

We note that our resulting sampling mechanisms are not better than the best-known sample
complexity results as shown in Table 2l However, our mechanisms are able to deal with unbounded

distributions satisfy small-tail assumptions.
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A Missing Proofs for Section

We now prove the claims used above.
Claim [l (restated). Pry,~p,[vi > pi(v—i; D)|qi(vi) > €1] < (14 6) Pro,~p,[v; > pi(v—i; D).

Proof. By definition, g;(v;) > €1 implies v; < vj;, where v}, is the largest value in V/, the support
of distribution D. Note that v;” < vz’-;k for any v;. If p;(v_;; D) > vl/-;k, then both probabilities are 0
and the inequality holds.

Below we consider the case p;(v_;; D) < v.,. Let Ug;_l =—landl€{0,1,...,k} be such that
viy > pi(v—i; D) and vy, 4 < pi(v—i; D). We have

Pr [v; > pi(v_i; D)|qi(vi) > €1]

vi~D;

< Pr [vf >pi(v_i;D)|gi(vi) > €]

vi~D;

= Pr [v > vl gi(vi) > €]

’l}iNDi

= Pr [v; >0} qqi(vi) > el

vi~D;
= Ufggi[v? > U} {0,134 (Vi) > €]
7/l;max{0,l—1}
PrUiNDi [ql'(vi) > 61]
Pry,p,[v; > Ug;max{()’l_l}] — Pry,op, vy > U;;max{o,l—l} and ¢;(v;) < €]
PrUiNDi [ql'(vi) > 61]
Pro,op;[v; 2 0 avi00-13] — Prog~pi[6i(vi) < €]
Pry,~p;[qi(vi) > €]

< Provy = Vima(o-1))

Pry,~p,[v; > v and ¢;(v;) > €]

v;~D;
= U{EI‘D’_[UQ > U;;max{O,l—l}] = Gmax{0,1-1} < (1 + 5)QI
= (1+446) Pr >0l ]=0+08) Pr [v,>pi(v_s;D)]
v,~D] ’ v,~D]

= (1+0) Pr [o; =pi(v_;D)],

vi~D;
as desired. Indeed, the first inequality is because Ui‘" > v;, and the first equality is because v;' €
V/U{+0oc} and thus v > p;(v_;; D) if and only if v~ > vz’.; ;- Similarly, the second equality is because
(v;,v) and (v], ,,v},;) are two pairs of consecutive values in V/ U {—1,+oc}, thus v;" > o, if
and only if v; > v, ;. The third equality is because v; > Ug;o always. The sixth equality is
because ¢;(v;) < €1 implies v; > v}, > v/, thus v; > Ug_max{(”_l}. The seventh equality is by the
definition of the round-down scheme. The following two equalities and the inequality are by the
construction of D) and the definition of the quantile vector ¢. Indeed, (1 +d)go =1+ > 1 = qo,

1
(L48)q1 = 11+ 0)F > e (148) 557 = L =1 = gg, and (1+6)q = g1 for any [ > 2. The

€

second-last equality is because v, € V/, thus v] > v, if and only if v > p;(v_;; D). Finally, the last

(2
equality is again by the definition of the round-down scheme. O

Claim [2] (restated). Rev(M*(Z")) > %HOPT(I).
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Proof. Combining Equation [[§ and Claim [Il we have

. 1
Rev(M*(T")) > T35 Zv LED,Z-pi(U_i;D) - Pr_[v; > pi(v_i; D)|qi(vi) > e1].

1) vi~D;
Accordingly,
1
Re(M (T2 530 B pieiD) P o2 p(e-a D) >

> 156 ZU lINED sz (v_i; D) -UiEr Z[ql(vl) > €1 and v; > p;(v_;; D)]

1
T 140 Z u,.,IVED i mE sz(v_“ D) Igwiy>a  Luzpiw i)

1
T +4 UINEDEZ:pi(U_i; D) Lywy>er  Loj2pi(v_iiD)

1
= 140 UINE’D Loigi(wi)>er - Z:pi(v—i; D)Ly, >p,(w_i)

1
= 5 E Vz,ql(vl)>e1 ReUOPT(U I)

— &

> 35
Z Ty oPT@) (35)

Here the second last equality holds by the definition of p;(v_;; D) and RevopT(v;I), and last

inequality holds by the Small-Tail Assumption 2. Since § = ¢ and d; = (1 +5) we have
1—-0p 1
146 1+¢€
thus Claim 2] holds. O
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